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Abstract 

We study the phases of near-extremal branes on a circle, by which we mean near-extremal 
branes of string theory and M-theory with a circle in their transverse space. We find a map 
that takes any static and neutral Kaluza-Klein black hole, i.e. any static and neutral black 
hole on Minkowski-space times a circle M d x S 1 , and map it to a corresponding solution for 
a near-extremal brane on a circle. The map is derived using first a combined boost and U- 
duality transformation on the Kaluza-Klein black hole, transforming it to a solution for a 
non-extremal brane on a circle. The resulting solution for a near-extremal brane on a circle 
is then obtained by taking a certain near-extremal limit. As a consequence of the map, we 
can transform the neutral non-uniform black string branch into a new non-uniform phase of 
near-extremal branes on a circle. Furthermore, we use recently obtained analytical results 
on small black holes in Minkowski-space times a circle to get new information about the 
localized phase of near-extremal branes on a circle. This gives in turn predictions for 
the thermal behavior of the non-gravitational theories dual to these near-extremal branes. 
In particular, we give predictions for the thermodynamics of supersymmetric Yang-Mills 
theories on a circle, and we find a new stable phase of (2, 0) Little String Theory in the 
canonical ensemble for temperatures above its Hagedorn temperature. 
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1 Introduction 

It has been established in recent years that near-extremal branes in string theory and 
M-theory provide a link between black hole phenomena in gravity and the thermal physics 
of non-gravitational theories. Among the most prominent examples is the duality between 
near-extremal D3-branes and M = 4 supersymmetric Yang-Mills theory ^ [21 El II]- More 
generally, for all the supersymmetric branes in string/M-theory one has dualities between 
the near-extremal limit of the brane and a non- gravitational theory pj. 1 

In this paper, we use U-duality to find a map from static and neutral Kaluza-Klein 
black holes to near-extremal branes on a transverse circle. This gives a precise connection 
between phases of static and neutral Kaluza-Klein black holes and the thermodynamic 
behavior of certain non-gravitational theories. The non-gravitational theories include (p + 
1) -dimensional supersymmetric Yang-Mills theories with 16 supercharges compactified on 
a circle, the uncompactified (2 + l)-dimensional supersymmetric Yang-Mills theory with 
16 supercharges, and (2, 0) Little String Theory. 

Static and neutral Kaluza-Klein black holes is the term we use for static solutions 
of pure gravity with an event horizon and asymptoting to d-dimensional Minkowski-space 
times a circle Ai d x S 1 , i.e. Kaluza-Klein space, with d > 4. Kaluza-Klein black holes have 
been studied from several points of view. In [7J [H] Gregory and Laflamme found that a 
uniform black string wrapped on the circle is classically unstable if the mass is sufficiently 
small. A consequence of this is that there exists a non-uniform black string solution, i.e. 
a string wrapping the circle but without translational invariance along the circle. This 
has been found in [§1 1101 ITT1 112j . 2 Furthermore, the black hole branch has been studied 
[141 1151 [TBI 1171 IT51 119j . In this branch, the black hole is localized on the circle contrary to 
the string branches. Finally, static solutions including both event horizons and Kaluza- 
Klein bubbles, called bubble-black hole sequences, have been constructed [201 [^ 12*2] . 
All these different types of solutions correspond to points in the (/i, n) phase diagram 
introduced in [SHIES] (see also JS]), where \x is the mass, rescaled to make it dimensionless, 
and n is the relative tension, i.e. the ratio of the tension along the circle-direction and the 
mass. 

The class of supersymmetric branes that we consider in this paper, is the set of 1/2 
BPS branes of type IIA/B string theory and M-theory. For these branes we consider the 
situation in which we have a circle in the transverse space and a non-zero temperature. We 
denote this class as non-extremal branes on a circle in the paper. We consider furthermore 
1 See also the review and references therein. 

2 Part of the motivation to look for the non-uniform branch has been to reveal the endpoint of the 
Gregory-Laflamme instability 
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the near-extremal limit of the non-extremal branes on a circle. The near-extremal limit 
that we take is defined such that one keeps the non-trivial physics related to the presence 
of the circle. We denote this class of near-extremal branes as near-extremal branes on a 
circle. The dual non-gravitational theories of these branes are the ones listed above. 

In order to set up a theoretical framework in which we can analyze these two classes 
of brane solutions, we define phase diagrams for the non- and near-extremal branes on a 
circle. In particular for near-extremal branes on a circle we define the (e, r) phase diagram, 
where e is the energy, rescaled to be dimensionless, and the relative tension r which is the 
ratio between the tension of the brane along the transverse circle and the energy. The 
tension is measured using the general tension formula found in |25| . 

Two of the main results of this paper are then: 

• It is shown that one can transform any static and neutral Kaluza-Klein black hole to 
a non-extremal brane on a circle by a combined boost and U-duality transformation. 

• By taking a particular near-extremal limit of the map to non-extremal branes, it is 
shown that one can transform any static and neutral Kaluza-Klein black hole to a 
near-extremal brane on a circle. In particular, we find a map relating points in the 
(/i, n) phase diagram to points in the (e, r) phase diagram. 

This has the consequence that any Kaluza-Klein black hole solution in d + 1 dimensions 
can be mapped to a corresponding solution describing non- or near-extremal p-branes on 
a circle. Here d and p are related byD = d + p+ l with D = 10 for string theory and 
D = 11 for M-theory. Therefore, we can map all the known phases of Kaluza-Klein black 
holes into phases of non- or near-extremal branes on a circle. 

This map is a development of an earlier result in |14j . In it was observed that 
for the class of Kaluza-Klein black holes that fall into the SO(d — l)-symmetric ansatz of 
Ref. [T3|, one can map any solution into a corresponding non- and near-extremal solution. 
While this observation was made at the level of the equations of motion, we show in this 
paper that it follows more generally from a combined boost and U-duality transformation, 
thus revealing the physical reason behind the existence of this map. The boost/U-duality 
map of this paper is an extension of the map of |14j since it works for any static and 
neutral Kaluza-Klein black hole. 

If we apply the map to the uniform string branch we recover the known phase of non- 
and near-extremal branes smeared on a circle, which we call the uniform phase. However, 
by applying the map to the non-uniform black string branch we generate a new phase of 
non- and near-extremal branes, which we denote as the non-uniform phase. 3 We use the 
map to study the thermodynamics of this new phase in detail, both for the non- and near- 
extremal p-branes on a circle. In particular, using the results of Ref. |12j for 4 < d < 9 we 

3 In |26| a new non-uniform phase of certain near-extremal branes on a circle was conjectured to exist 
for small energies. There does not seem to be any direct connection between the branch that we find and 
the one of |2(il . We comment further on 1201 in the conclusions in Section ED 
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obtain the first correction around the point where the non-uniform phase emanates from 
the uniform phase. For the particular case of the M5-brane on a circle we can go even 
further and use the numerically obtained d = 5 non-uniform branch of Wiseman to 
obtain the corresponding near-extremal non-uniform phase. 

In particular, the Gregory-Laflamme mass /iQL of the uniform black string branch is 
mapped into a critical mass p, c of the uniform non-extremal branch and a critical energy 
e c of the uniform near-extremal branch. p, c and e c mark where the non-uniform phase con- 
nects to the uniform phase for the non- and near-extremal branes on a circle, respectively. 
The existence of this new non-uniform phase suggests that non- and near-extremal branes 
smeared on a circle have a critical mass/energy below which they are classically unstable. 
This seems to provide a counter-example to the Gubser-Mitra conjecture [2*71 12*81 EM ISUj . 

As a second application of the map we apply it to the small black hole branch. This 
generates non- and near-extremal localized on a circle, and we denote this as the localized 
phase. For this phase we use the analytical results of Ref. JHJ to explicitly compute the 
first correction to the solution for the non- and near-extremal branes localized on a circle. 
We also study the thermodynamics in detail, obtaining the first correction due to the 
presence of the circle. 

The results for the non-uniform and localized phase of near-extremal branes are par- 
ticularly interesting, since they provide us with new information about the dual non- 
gravitational theories at finite temperature. In particular, we study: 

• The M5-brane on a circle, which is dual to thermal (2,0) Little String Theory (LST). 

• The D(p — l)-brane on circle, which is dual to thermal (p + l)-dimensional super- 
symmetric Yang-Mills (SYM) theory on R p_1 x S 1 . 

• The M2-brane on a circle, which is dual to thermal (2 + l)-dimensional SYM theory 
on R 2 . 

In these dual non-gravitational theories, the localized phase corresponds to the low tem- 
perature/low energy regime of the dual theory, whereas the uniform phase corresponds to 
the high temperature/high energy regime of the theory. The non- uniform phase appears 
instead for intermediate temperatures/energies. 

In particular, by translating the results for the thermodynamics of the localized and 
non-uniform phase in terms of the dual non-gravitational theories we find: 

• The first correction to the thermodynamics for the localized phase of the SYM 
theories. 

• A prediction of a new non-uniform phase of the SYM theories including the first 
correction around the point where the non-uniform phase emanates from the uniform 
phase. 
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• Using the numerical data of Wiseman for the d = 5 non-uniform branch we 
numerically compute the corresponding thermodynamics in (2, 0) LST. This gives a 
new stable phase of (2, 0) LST in the canonical ensemble, for temperatures above its 
Hagedorn temperature. We furthermore compute the first correction to the thermo- 
dynamics in the infrared region, when moving away from the infrared fixed point, 
which is superconformal (2, 0) theory. 

The outline of this paper is as follows. In Section |2] we review the current knowledge 
on phases of static and neutral Kaluza-Klein black holes. This is important since these 
are the phases that later in the paper are transformed to phases of non- and near-extremal 
branes on a circle. We review in particular the (/i, n) phase diagram introduced in |23| . 
with /j, being the rescaled mass and n the relative tension. Moreover, we review the ansatz 
of ^3] for Kaluza-Klein black holes with SO{d — 1) symmetry. 

In Section |21 we describe in detail the class of non-extremal branes that we consider in 
this paper, i.e. the non-extremal branes on a circle. We furthermore define a (p,, n) phase 
diagram for non-extremal branes on a circle for a given rescaled charge q, where and n 
are the rescaled mass and the relative tension, respectively. 

In Section we first describe the combined boost and U-duality transformation on a 
static and neutral Kaluza-Klein black hole that maps it to a solution for non-extremal 
branes on a circle. Then we find the induced map from the n) phase diagram to 
the (/!, n) phase diagram for non-extremal branes on a circle, for a given rescaled charge 
q. Finally, we notice that by using the ansatz of ^3] for Kaluza-Klein black holes with 
SO(d — 1) symmetry, we get an ansatz for non-extremal branes on a circle that was also 
proposed in |T1], though on rather different grounds. 

In Section |5] we describe the near-extremal limit taken on non-extremal branes on 
a circle that defines the class of near-extremal branes, i.e. near-extremal branes on a 
circle, that we consider in this paper. We define the (e, r) phase diagram, with e being 
the rescaled energy above extremality and r the relative tension. This is done using the 
general definition of gravitational tension given in |25j . 

In Section H3 we take the near-extremal limit of the map of Section 0] from the neutral 
to the non-extremal case, giving a map from static and neutral Kaluza-Klein black holes 
to near-extremal branes on a circle. We derive the induced map from the (//, n) phase 
diagram to the (e, r) phase diagram. This map has the simple form 



and near-extremal brane on a circle, respectively. We furthermore use the map on the 
ansatz of ^3] for Kaluza-Klein black holes with SO{d — 1) symmetry, getting the ansatz 
for near-extremal branes on a circle proposed in |14j . 

In Section [7| we explore the consequences of the map of Section for the general 
understanding of near-extremal branes on a circle. We find several features that are 



e = 




where t, s and t, 5 are the rescaled temperature, entropy of the Kaluza-Klein black hole 
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analogous to static and neutral Kaluza-Klein black holes, including physical bounds on 
the relative tension r, a generalized Smarr formula and from that an intersection rule for 
the (e, r) phase diagram. We furthermore examine the general conditions for the pressure 
on the world-volume of the near-extremal branes to be positive. 

In Section |H1 we first review the recently obtained analytical results ^E] (see also [TH] ) 
for the corrected metric and thermodynamics of the black hole on cylinder branch. We 
then use these together with the U-duality mapping of Sections 0] and to obtain the 
corrected metric and thermodynamics of non- and near-extremal branes localized on a 
circle. In particular, we obtain the leading correction to the entropy and free energy of 
the localized phase of near-extremal branes. This is applied in Sections ^2 and ^] to find 
the corrected free energy of the dual non-gravitational theories in the localized phase. 

In Section we first review the behavior of the non-uniform string branch near the 
Gregory-Laflamme point on the uniform string branch, using the numerical results for 
4 < d < 9 obtained by Sorkin ^2j. 4 These first order results are then used together 
with the U-duality map, to show that there exists a non- uniform phase for non-/near- 
extremal branes on a circle, emanating from the uniform phase at a critical mass/energy 
that is related to the Gregory-Laflamme mass. In particular, for the near-extremal case 
the resulting corrections to the entropy and free energy are analyzed in detail. Finally, a 
possible violation of the Gubser-Mitra conjecture [2311111131301 is pointed out. 

Section ^1 is devoted to a special study of the non-uniform phase of near-extremal 
M5-branes on a circle. This case is particularly interesting for two reasons. First, the 
thermodynamics of the uniform phase of the near-extremal M5-brane on a circle, which 
is related to that of the NS5-brane, is of a rather singular nature. Moreover, we can use 
the numerical data that are available for the non-uniform black string branch with d = 5 
jllj to map these to the corresponding non-uniform phase of near-extremal M5-branes on 
a circle. In this way, we are able to find detailed information on the phase diagram and 
thermodynamics of this non-uniform phase. 

In Section we apply the results of Sectional to study the thermal behavior of the 
non-gravitational dual [311 132j of the near-extremal M5-brane on a circle, which is (2, 0) 
LST |331 1341 I35j . It is shown that the interpretation of the non-uniform phase is the 
existence of a new stable phase 5 of (2, 0) LST in the canonical ensemble for temperatures 
above its Hagedorn temperature j3!|l E^. We give a quantitative prediction for the free 
energy for temperatures near the Hagedorn temperature. We also use the results obtained 
in Section |H] for the localized phase of near-extremal M5-branes to give a prediction for 
the first correction to the thermodynamics of the superconformal (2,0) theory, as one 
moves away from the infrared fixed point. The correction depends on the dimensionless 
4 For d = 4 and d = 5 these were obtained earlier in |1U| and 

5 This is especially interesting in view of the earlier results of |-'~>(il 1371 138| where the string corrections 
to the NS5-brane supergravity description were considered. It was found that the leading correction gives 
rise to a negative specific heat of the NS5-brane, and that the temperature of the near-extremal NS5-brane 
is larger than Tkg |38| . 
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parameter T/Th g . 

In SectionElwe use the localized and non-uniform phase of the near-extremal DO, Dl, 
D2, D3 and M2-brane on a circle, to obtain non-trivial predictions for the thermodynamics 
of the corresponding dual SYM theories Here, the localized phase corresponds to 

the low temperature/low energy regime and the non- uniform phase emerges from the 
uniform phase, which corresponds to the high temperature/high energy regime. For the 
near-extremal D(p — l)-brane on a circle the dual is thermal (p + l)-dimensional SYM on 
W -1 x S , and we give quantitative predictions for the first correction to the free energy 
in both phases. The dimensionless expansion parameter in the localized phase is T/Tq 
with Tb = \/2vr(AL 3-p )~V 2 L~ 1 , with A the 't Hooft coupling of the gauge theory and L 
the circumference of the field theory circle. The critical temperature that characterizes 
the emergence of the non-uniform phase is T c = Tot c , with t c a numerically determined 
constant that depends on p. For the near-extremal M2-brane on a circle the dual is 
(uncompactified) thermal (2 + l)-dimensional SYM on M. 2 . Also in this case do we give 
quantitative predictions for the corrected free energy in the two phases. In particular, it 
is found that the dimensionless expansion parameter in the localized phase is T/Tq, with 
To = A/(27riV 3//2 ) and the critical temperature of the non-uniform phase is T c = 0.97To. 

We conclude in Section EH with a discussion of some of our results and outlook for 
future developments. 

Two appendices are included. In Appendix we give a direct computation of the 
energy and tension (using the formulas of j3Uj and respectively) for the class of near- 
extremal branes that fall into the ansatz of ^3]. This provides an important consistency 
check on our near-extremal map. In Appendix[B]we review the flat space metric of M d x 5 1 
in the special coordinates used in to write down the metric of small black holes on 
the cylinder. This is relevant for the corrected metric of non- and near-extremal branes 
localized on a circle. 

Note added 

While this paper was in its final stages of preparation, the papers [411 I42j appeared, 
discussing related matters. 

2 Review of phases of Kaluza-Klein black holes 

In this section we briefly review the main ideas and results of |14 | l23 | l24 ^ l22j for use below. 

We consider in this section static solutions of the vacuum Einstein equations (i.e. pure 
gravity) that have an event horizon, and that asymptote to Minkowski-space times a circle 
M d x S 1 , i.e. Kaluza-Klein space, with d > 4. We call these solutions static and neutral 
Kaluza-Klein black holes. 
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We write here the metric for M d x S 1 as 

ds 2 = -dt 2 + dr 2 + r 2 dn 2 d _ 2 + dz 2 . (2.1) 

Here t is the time-coordinate, r is the radius on and z is the coordinate of the circle. 
We define L to be the circumference of the circle. Then for any given Kaluza-Klein black 
hole solution with metric g^u we can write 

9tt * -1 + ^jh , 9zz =i 1 + ^3 , (2.2) 

as the asymptotics for r —* oo. In terms of q, the mass M and the tension T along the 
z-direction are given by |2~3~1 ITd] 6 

M = M [(J - 2) '- cJ ' T= ^ |c '- (J - 2)cJ ' (2 - 3) 

It is useful to work only with dimensionless quantities when discussing the solutions since 
two solutions can only be truly physically different if they have some dimensionless pa- 
rameter (made out of physical observables) that is different for the two solutions. We use 
therefore instead the rescaled mass \i and the relative tension n 23 given by 

16vrG N , . , TL c t - (d - 2)c z 

^=^-M= J ^[(d-2)c t -c M ] , n= — = (d _ 2)ct _ Cz - (2-4) 

The program set forth in |23| is to find all possible phases of Kaluza-Klein black holes 
and draw them in a (//, n) phase diagram. An advantage of using n as a parameter is that 
it satisfies the bounds [!""""| 

0<n<d-2. (2.5) 

We also have the bound [x > 0. Thus, the (//, n) diagram is restricted to these ranges on 
n and \x which helps to decide how many branches of solutions exist. 

According to the present knowledge of phases of static and neutral Kaluza-Klein black 
holes, the (fJ>,n) phase diagram appears to be divided into two separate regions [2*2*1 H3"] : 

• The region < n < l/(d — 2) contains solutions without Kaluza-Klein bubbles, and 
the solutions have a local SO(d — 1) symmetry. These solutions are the subject of 
|23l I24j where they are called black holes and strings on cylinders (since A4 d x S 1 
is the cylinder x S 1 for a fixed time). Due to the SO(d — 1) symmetry there 
are only two types of event horizon topologies: The event horizon topology is S^ 1 
(S d ~ 2 x S 1 ) for the black hole (string) on a cylinder. 

• The region \/(d — 2) < n < d — 2 contains solutions with Kaluza-Klein bubbles. 
This part of the phase diagram is the subject of [22]. We do not consider this class 
of solutions in this paper. See the conclusions in Section [131 f° r further remarks on 
these solutions. 



s Here the unit fc-sphere has volume fl k = 2n (k+1)/2 /F((k + l)/2). 
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In the rest of this section we review some additional facts on the region < n < 
l/(d — 2) of the (//, n) phase diagram that are important for this paper. Three branches 
are known for < n < l/(d — 2): 

■ The uniform black string branch. The uniform black string has the metric 



From the metric it is easy to see that uniform black string has n = l/(d — 2). As 
discovered by Gregory and Laflamme EJ ; the uniform string branch is classically 
stable for n > jUgl and classically unstable for fi < /xgl where //ql can be obtained 
numerically for each dimension d. See Table^hi Section fa.ll for the numerical values 
of /xgl for 4 < d < 9. 

■ The non-uniform black string branch. This branch was discovered in |3 E3- It 
starts at /i = //gl with n = l/(d— 2) in the uniform string branch. The approximate 
behavior near the Gregory-Laflamme point fj, = ^gl is studied in ^3^2^]. For 
4 < d < 9 the results are that the branch moves away from the Gregory-Lanamme 
point n = ;Ugl with decreasing n and increasing [i. As shown in [23] this means that 
the uniform string branch has higher entropy than the non-uniform string branch 
for a given mass. For d = 5 a large piece of the branch was found numerically in jllj 
thus providing detailed knowledge of the behavior of the branch away from /x = /xgl- 
We give further details on this branch in Section [9. II 

■ The black hole on cylinder branch. This branch has been studied analytically in 
O HH1 US I2H El (see also (2H1) and numerically for d = 4 in [TH] and for d = 5 
in ^7j. The branch starts in (/i, n) = (0,0) and then has increasing n and \i. The 
first part of the branch has been found analytically in |18l I19j . We review the 
computations and results of Ref. |18j in Section 18.11 

In Figure ^ we have displayed the (^, n) phase diagram for d = 5 for the known 
solutions with < n < 1/3. The non-uniform black string branch was drawn in |23j using 
the data of Wiseman . 

Thermodynamics 

For a neutral Kaluza-Klein black hole with a single connected horizon, we can find the 
temperature T and entropy S directly from the metric. It is useful to define the rescaled 
temperature t and entropy s by 



ds 2 = - 1 - 




(2.6) 



t = LT 



5 = 



167tGn 



S . 



(2.7) 



8 




Figure 1: Phase diagram for d = 5 in the region n < 1/3. 



In terms of these quantities, the Smarr formula for Kaluza-Klein black holes is given by 

[131113 

d-2-n , . 

* = ^-r . • (2.8) 

The first law of thermodynamics is 

5fj, = iSs. (2.9) 
Combining (j2,8[) and (|2.9|l . we get the useful relation 

1^ = • (2-10) 

o log jU a — 2 — n 

so that, given a curve in the phase diagram, the entire thermodynamics can be 

obtained. 

As seen in [22] , there are also neutral Kaluza-Klein black hole solution with more than 
one connected event horizon. The generalization of the Smarr formula (|2,8[) and first law 
(|2.9|) were found in [22] for the specific class of solutions considered there. 



The ansatz 

As mentioned above, the solutions with < n < l/(d — 2) have, to our present knowledge, 
a local SO(d — 1) symmetry. Using this symmetry it has been shown |441 124j that the 
metric of these solutions can be written in the form 



ds 2 d+1 = -fdt 2 + 



(2vr) 2 



jdR 2 + -j^dv 2 + KR 2 dn 2 d _ 2 



ud—3 

/ = 1 -|hr> ( 2 -n) 
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where Rq is a dimensionless parameter, R and v are dimensionless coordinates and the 



metric is determined by the two functions A = A(R, v) and K = K(R, v). The form 1)2.11)1 
was originally proposed in Ref. ^1] as an ansatz for the metric of black holes on cylinders. 

The properties of the ansatz 1)2.11)1 were extensively considered in [Tl|. It was found 
that the function A = A(R, v) can be written explicitly in terms of the function K(R, v) 
thus reducing the number of free unknown functions to one. The functions A(R, v) and 
K(R, v) are periodic in v with the period 2ir. Note that R = Rq is the location of the 
horizon in ()2.11)) . 

The asymptotic region, i.e. the region far away from the black hole or string, is 
located at R —* oo. We demand that r/R — * L/(2ir) and z/v — > L/(2tt) for R — > oo. 
This is equivalent to demanding that A, K — » 1 for R — > oo. Since K(R,v) in principle 
determines the complete metric 1)2.11)1 , we can read off the asymptotic quantities \i and n 
from the first correction to K(R, v). We define the parameter X from K(R, v) in the limit 
R —* oo by 7 

K(R,v) = l- X ^ + 0(R- 2 ^) . (2.12) 
Then, using (|2.4j) . we can write the rescaled mass \i and relative tension n in terms of Rq 
and x as 

(d - 3)n d - 2 D d_ 3 



d-2 

X 



d-2-(d-3) X K ' 



d- 3 

If we consider instead the solution near the horizon at R = Rq, we can read off the 
temperature and entropy in a precise manner. To this end, define 

A h = A(R,v)\ R=Ro . (2.14) 

This is a meaningful definition since, as shown in Jl], A(R, v) is independent of v on the 
horizon R = Rq. The thermodynamics |141 123j is then 

^ ^Rt 2 , (2.15) 



2V^iio ' (2vr) d " 2 
in terms of the rescaled temperature and entropy defined in 1)2 .7|) . 

Copies 

Finally, we note that for any solution in the ansatz 1)2.11)1 one can generate an infinite 
number of copies. This was found in [451 124j . We refer to Ref. [21] for the transformation 
of the solution and mention here the relation between the physical quantities of the original 
solution and those of the copies 

^^3. = l, = kt > S ' = ^2' ( 2 - 16 ) 

where k is any positive integer. In Figure ^ we depicted the copies of the black hole on 
cylinder and non-uniform black string branches for d = 5. 



7 Note here that with l|2.12fl as the behavior of K(R, v) for R — > oo we get that A(R, v) = 1 — X ^ds + 
0(R~ 2{d ~ 3) ) from the equations of motion 



d-3 
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3 Defining a phase diagram for non-extremal branes on a 
circle 



We define in this section what we precisely mean by a non-extremal brane on a circle. We 
define furthermore the asymptotic parameters that we use to categorize the solutions. 

3.1 1/2 BPS branes of String/M-theory 

Before defining more precisely the class of non-extremal branes that we consider, we begin 
by specifying what class of extremal branes they are thermal excitations of. As we explain 
in the following, the class of branes that we consider are thermal excitations of the 1/2 
BPS branes of Type II A and IIB string theory and M-theory. 

We consider singly-charged dilatonic p-branes in a D-dimensional space-time which 
are solutions to the equations of motion of the action 

= isk / dDx ^ ( R ~ \ d ' m - s^W^ w ) • (31) 

with <f> the dilaton field and F(p+%) a (p+2)-form field strength with -^(p+2) = ^(p+i) where 
-<4.(p+i) is the corresponding (p + l)-form gauge field. The action 1)3.1)1 is for D = 10 the 
bosonic part of the low energy action of Type IIA and IIB string theory (in the Einstein- 
frame) when only one of the gauge- fields is present, and for D = 11 it is the low energy 
action of M-theory, for suitable choices of a and p. For use below we write the Einstein 
equations that follow from 1)3.1(1 

R P v - \g^R = 8vrG D T- at = SttGd (T^ 1 + 1%) , (3.2) 



dil 

)1V 



8itGdT' 



el 
pu 



8ttG d T' 
1 1 



r (3-3) 

_ P "4 F pi-p P +i F 



2(p + l) 



where T^ at is the "matter" part of the action 1)3.1)1 consisting of the dilaton part T^ 1 and 
the "electric" part T^ u due to the (p + l)-form gauge field . 

We write in the following d = D — p — 1 as the number of directions transverse to the 
p-brane. 

The extremal 1/2 BPS p-brane solutions in string theory and M-theory are then given 

by 



-dt 2 + J2( dut ) 2 + Hds l 
i=i 

e 2cf> = R a ^ A = ( H -l _ A du l A . . . A du p ^ 



(3.4) 

(3.5) 
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with V H = (away from the sources) where ds^ is the (fiat) metric and V the Laplacian 
for the d-dimensional transverse space. These solutions correspond to 1/2 BPS extremal 
p-branes of String/M-theory when D = 10, 11 and 

a2=4 _ 2 (P+l>("-2>. (3 . 6) 
D-2 y ' 

Thus with (|3.6j) obeyed we get for D = 10 the D-branes, NS5-brane and the F-string of 
Type IIA and IIB string theory, and for D = 11 the M2-brane and M5-brane of M-theory. 
Note that the string theory solutions are written here in the Einstein frame. 

We see that for the extremal solution H3.4j) - (|3.5j) we can in particular consider the 
extremal p-branes to have R d_1 x S 1 as the transverse space. The thermal excitations of 
this class of extremal branes are precisely the non-extremal branes that we consider below. 

3.2 Measuring asymptotic quantities 

As mentioned above, the class of non-extremal branes we consider are thermal excitations 
of the extremal 1/2 BPS branes in Type IIA/IIB String theory and M-theory with trans- 
verse space R rf_1 x S 1 . Therefore, since these non-extremal branes have a transverse circle 
we refer to them as non-extremal branes on a circle in this paper. 

Clearly, for a given p-brane solution of this type we have that the solution asymptotes 
to Ai ^ 1 x S 1 = Ai p+1 x x S 1 far away from the brane, where the p-brane world- 

volume is along the A4 P+1 part. To be more specific, write the metric of A4 P+1 x x S 1 
as 

p 

ds 2 = -dt 2 + ^(du 1 ) 2 + dr 2 + r 2 dn 2 d _ 2 + dz 2 . (3.7) 
i=i 

Here t parameterizes the time, u l , i = l,..,p, parameterize W (the spatial part of the 
wor Id- volume) , r is the radius on and z is a periodic coordinate with period L that 
parameterizes S 1 . The p-brane metric thus asymptotes to the metric ()3.7|) far away from 
the brane. 

In the discussion below it is useful, however, to consider each spatial wor Id- volume 

(u) 

direction u l of the p-brane to be compactified on a circle of length L\ . The solution then 
asymptotes to M. d x T p x S 1 where T p is a rectangular torus with volume V p = Yl^=i ■ 
For a given p-brane solution we consider the asymptotic region defined by r — > oo. For 
r — > oo we have to leading order 

^--i + i* 9zz^ 1 + ^3, ^- 1 + ^3> i = l...p, (3.8) 



for the metric and 



A (p+1) ^^dtAdu 1 A---AduP, (3.9) 

for the gauge field and dilaton. By writing the leading part of the gauge field ^4( p +i) as in 
(|3.9|) we have specified that it is only charged along the p-plane spanned by the u l ,...,u p 
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directions. We now explain how to measure the various asymptotic quantities in terms of 
ct, c z , Cu, ca and c^. 

It is clear that we can use the general formulas of |25| (see also |461 147) ) to find the 
total mass M, the total tension 7^ along the i th world-volume direction and the tension 
T along the z-direction. This gives 

M = y^r 1 i(d ~ 2)c t - c z - pc u ] , T = [c t - (d - 2% - pc u ] , (3.10) 

= [ct - c z — {D — 4)cJ . (3.11) 

Moreover, the charge Q = 16 ^g / e a< ^ *F is measured to be 

We can furthermore split up the mass in a gravitational, a dilatonic and an electric part 
as M = M gr + M dil + M el , following <[33 ]) -lj33 |l . Similarly, we can split up the tension 
along the world-volume as = (7^ u ^) gr + (7^")) dl1 + (T^yK We now explain how to 
measure M el and (T^) e K 

It is useful in the following to apply the "principle of equivalent sources" and think of 
the total energy-momentum tensor T pv = T p l + + T pu as the sum of a gravitational, a 
dilatonic and an electric part. Then we can write M gr = f Tqq, M dl1 = f Tqq and M el = 
and moreover ^(7^)* = -/if, L^pf*)** = - J Tf and L«">(3*V = 

-$Ti. 

If we consider the electric part of the energy-momentum tensor T^ v in ()3.3|) , we require 
boost invariance on the world-volume. This means that T^l = -T$ for alH = 1, ...,p. We 
see that this fixes 

M el = L\ u) (T^ u) ) el . (3.13) 

We require furthermore that the gravitational parts of the energy and tensions do not 
affect the world-volume directions, i.e. cff = 0. Since from [23] we have that V 2 gu = 

we see that this implies Xf = -^^(T gr ) p p . Since furthermore one 
can see from that 2jf = ^{T dn )P p , we have that (T^ + T di % = ^(TS r +T dil )V 
This gives the condition 

4 U \r} u) - (T} u) ) el ) = j^jiM - M el + LT) . (3.14) 



We get therefore 



d _ 2 ^-1)4^ -M-f] , (3.15) 
where i can correspond to any of the world-volume directions. Using now (|3.1U|1 - (|3.11|) we 

^ M y p m <i-2 (X>-2)(d-3) _ 

Mel = "T6^ —2 ° u ■ (3 ' 16) 
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It is important to note that, for the class of non-extremal p-branes that we consider 
here, c u and are not independent. We have the relation 

d - 2 2c<f, 



D-2 a 



(3.17) 



where a is the constant defined in 1)3. 1J) determining the type of brane. This relation follows 
from the fact that we are looking at p-branes which are thermally excited supersymmetric 
p-branes, for which this relation applies. 

The relation ()3.17)) is important for the DO-brane since c u cannot be measured in that 
case. However, one can measure cj, and use 1)3. 17|) to find c u and use this in the formulas 
(f3~TUT> - (f3~T2|) . 

Defining dimensionless quantities 

- — (u)st-(u) 

Instead of using M, Q, T and L\ , it is useful to introduce the dimensionless quan- 
tities 8 

_ 16ttG d - IQttG d _ 16ttG d el 

V = \TL^ M > q= %L^ Q > ^ = %L^ M ' (3 ' 18) 

ft=^_, fjj = L * { i - ~ {Ti } } , (3.19) 
M — M e i M-M el ' y ' 

where ft is the rescaled mass, q the rescaled charge, ft the relative tension along the z- 

direction and ftj the relative tension along the u l world-volume direction. 

We get from (l3~TUl) - (l3~T2|) the results 

P = JT^ ^ d ~ ~ pdu ~ c*\ > 1 = J^(d~ 3) | ca | , (3.20) 

ft = ~ Ct ~ id ~ 2) %~T" , (3.21) 

(d - 2)c t - c z + d2 -f_- p+3 c u 

which enable the determination of the three independent physical quantities (ft, ft, q) from 
the asymptotics of the metric. 

The relative tension ftj along each of the world-volume directions is 

fn = ' i = 1 >--->p- ( 3 - 22 ) 



Eq. (j3.22j) shows that the relative tension ftj is affected by the tension in the transverse 

direction. The physical reason is that extra tension is necessary in order to keep the 

p-brane directions flat while increasing the tension in the transverse direction. We also 

see from 1)3.22)1 that ft = correctly gives ftj = l/(d — 1), reproducing the known result 

for p-branes jlBJ. On the other hand, substituting ft = l/(d — 2) gives ftj = l/{d — 2), 

8 Note that the definitions of the relative tensions here are different from 1251 in that they include the 
dilatonic contribution. 
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which is the correct result for a (p+ l)-brane which is uniform in all directions. Note that 
from ()3.13j) , 1)3.1 4 J) and the definitions 1)3. 18j) , ()3.19j) it follows that the total dimensionless 
world-volume tension is 

16tvG d (u) (u) _ ,_ — \ | — l + n _ d-2-n _ 

T («) = y L d-2 L i T i = W ~ A*el) + Mel = -JZTJ^ + d-1 ' ^ 

where we used the expression (|3.22)) for the relative tension fii along the world-volume 
direction in terms of the relative tension in the transverse direction. 



Bounds on n 

We examine now the general bounds [25] 

My^^^L^^ + Lf^j , T< u) >0, T>0, (3.24) 

which we require to hold separately for all three contributions to the mass and tension. 
Firstly, for the electric contribution to the mass and tension it is easy to see that both 
bounds are trivially satisfied since M d = L[ u \r^ u) ) cl > 0. If we consider (|3~24l for the 
gravitational plus the dilatonic contributions together, these conditions are easily seen to 
be equivalent to the conditions 

0<n<d-2, (3.25) 

using 1)3. 19|) and l)3.22|) . The upper bound on n implies the bound Tt u ) < fi for the 
dimensionless world- volume tension. 



Thermodynamics 

It will also be useful to define, in analogy with 1)2 .7|) . the dimensionless temperature and 
entropy for non-extremal branes 

where T and S are the temperature and entropy of a non-extremal brane on a circle. Here 
we assume that we have only one connected event horizon. For more event horizons, one 
should consider more temperatures and entropies. The first law of thermodynamics, for 
constant charge q, takes the form 

SfL = tSs. (3.27) 

The analogue of the neutral Smarr formula 1)2.8)1 follows easily from the general Smarr 
formula of |25| and the definitions ()3.18)) . 1)3.19)1 and ()3.26j) . The resulting non-extremal 
Smarr formula then takes the form 

d — 2 — n , , , 

ts = d _ 1 (ft - ft e i) , (3.28) 



which is consistent with the bounds on n in 
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World-volume tension is free energy 

The dimensionless Helmholtz free energy is defined by 



f = H-ia . 



(3.29) 



Using the non-extremal Smarr formula 1)3.28)1 and comparing to 1)3.23)1 it immediately 
follows that 



This shows that the world-volume tension is equal to the free energy for the general class 
of near-extremal brane that we have defined. Note in particular that this relation is a 
direct consequence of the physical properties that we have imposed on the branes. 

Categorizing solutions 

The program for non-extremal branes on a circle can now be formulated as taking any 
solution of the class defined above and reading off /x, n and q using 1)3.20)1 . 1)3.21(1 . We can 
then consider all possible solutions for a given charge q and draw a (/2, n) phase diagram 
depicting the values of p. and n for all possible solutions. In this way we can categorize non- 
extremal branes on a circle in much the same way as for neutral and static Kaluza-Klein 
black holes. 

Note that we can immediately dismiss certain values of p and n as being realized 
for physically viable solutions. We need clearly that p > q due to the fact that our 
non-extremal branes are thermal excitations of the supersymmetric branes with p = q. 
Moreover, from 1)3.25)1 we have the bounds < n < d — 2. 

The question is now what one can say about the phase structure for a given charge q: 
How many solutions are known and how does the (p, n) diagram look. In Section |I] we 
show that we can get at least part of the (p, n) phase diagram by U-dualizing neutral and 
static Kaluza-Klein black holes. 

4 Generating non-extremal branes 

In this section we demonstrate that any static and neutral Kaluza-Klein black hole solution 
can be mapped to a solution for a non-extremal brane on a circle in Type IIA/B String 
theory and M-theory via U-duality. 9 That one can "charge up" neutral solutions in this 
fashion was originally conceived in where U-duality was used to obtain black p-branes 
from neutral black holes. Using this result we then prove that there is a map from the 
(/j, n) phase diagram for Kaluza-Klein black holes to the (p, n) phase diagram for non- 
extremal branes on a circle. Finally, we show that one can use the map on the ansatz 
1)2.11)1 to get an ansatz for certain phases of non-extremal branes on a circle. 
9 See e.g. Ref. for a review on U-duality. 




(3.30) 
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4.1 Charging up solutions via U-duality 

Consider a static and neutral Kaluza-Klein black hole solution, i.e. a static vacuum 
solution of (d + l)-dimensional General Relativity that asymptotes to A4 d x S 1 . We can 
always write the metric of such a solution in the form 

ds 2 d+1 = -Udt 2 + J^V ab dx a dx b , (4.1) 

where a, b = 1, ...,d and V a t, is a symmetric tensor. Moreover, U and V ab are functions of 
x 1 , ..,x d . In the asymptotic region we have that U — > 1 and L 2 (2-7r)~ 2 14b<ix a Gfcc b describes 
the cylinder JR rf_1 x S 1 . The factor L 2 /(2t:) 2 , where L is the circumference of the circle in 
M. d x S 1 , has been included in (|4.1|) for later convenience. 

Using the (d + l)-dimensional metric we can construct the eleven-dimensional metric 

2 

ds 2 ! = -Udt 2 + —— F afe( ix a dx 6 + dy 2 + Y,( dut f ■ ( 4 - 2 ) 
^ ^ i=l 

The metric (|4.2jl is clearly a vacuum solution of M-theory. Make now a Lorentz-boost 
along the y-axis so that 




cosh a sinh a 
sinh a cosh a 




(4.3) 



This gives the boosted metric 



ds u = (—[/cosh a + sinh a ) dt + 2(1 — U) cosh a sinh a dtdy 

L 2 9 ~ d 
+ (-[/sinh 2 a + cosh 2 a) dy 2 + ——^V ab dx a dx b + ^(du*) 2 . (4.4) 

i=l 

Since we have an isometry in the y-direction we can now make an S-duality in the y- 
direction to obtain a solution of type IIA string theory. This gives 



ds 2 = -H'^Udt 2 + H 



I? 



^j^V ab dx a dx b + J2(du l ) 2 j , (4.5) 



H = 1 + sinh 2 a(l - U) , e 2rt> = m , A = coth a (H^ 1 - i)dt . (4.6) 

This is a non-extremal DO-brane solution in type IIA string theory. For d < 9 the DO- 
branes are uniformly smeared along an M 9_d space and they have transverse space x 
S 1 , i.e. they have a transverse circle. The solution (|4.5|) - (|4.6|1 is written in the string-frame. 

We can now use U-duality to transform the solution (J4,5|) - ()4.6|l into a Dp-brane solu- 
tion, an F-string solution or an NS5-brane solution of Type IIA/B String theory, or to 
an M2-brane or M5-brane solution of M-theory. In general, we U-dualize into the class 
of non-extremal branes on a circle defined in Section |3J which are non-extremal singly 
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charged p-branes on a circle in D dimensions with D = d + p+1 (for String/M-theory we 
have D = W/D = ll). 10 We can then write all these solutions as solutions to the EOMs 
of the action (|3.1jl . as explained in Section IXT1 Thus, by U-duality we get 

ds 2 = i-Udt 2 + ^{du 1 ) 2 + ^2 H Vabdx a dx b \ , (4.7) 



H = 1 + sinh 2 a (1 - U) , (4.8) 

e 20 = R a ^ A ^ = CQth a ( H -l _ A dy l A . . . A du p _ ( 49 ) 

This solution is a non-extremal p-brane with a transverse circle. It is written in the 
Einstein frame for the Type IIA/B String theory solutions. 

In conclusion, we have shown by employing a boost and a U-duality transformation 
that we can transform any static and neutral Kaluza-Klein black hole solution (|4.1|) into 
the solution (|4.7|) - (|4.9|) describing non-extremal p-branes on a circle. This is one of the 
central results of this paper. Note that the transformation only works if U is non-constant. 

We also see that if we have an event horizon in the metric IJ4.1JI . U — > near the event 
horizon. This translates into an event horizon in the non-extremal solution (|4.7j) - (|4,9[) . 
Since the harmonic function ()4.8I) stays finite and non-zero for U — ► 0, we see from this 
that the source for the electric potential A( p+ i^ in ()4.9|) is hidden behind the event horizon. 

Finally, we note that if we have a number of event horizons defined by U = 0, then 
from (|4,9|) we can measure the chemical potential v to be 

v = — A tu i... uP \u = o = tanha . (4-10) 

Thus, for the class of non-extremal solutions ()4.7|) - (|4.9|) . obtained by a boost/U-duality 
transformation on neutral Kaluza-Klein black holes, we have that the chemical potential 
is given by (|4.1Uj) . Therefore, even though we might have several disconnected event 
horizons, we have that v = tanha on all of them. 

In the following we assume that we have at least one event horizon present. 

4.2 Mapping of phase diagram 

Given the above map from neutral Kaluza-Klein black holes to non-extremal branes on 

a circle, we now use the results of Section |3 to find the induced map for the physical 

quantities. Our goal in the following is: Given \i and n for the Kaluza-Klein black hole, 

find ft and n for the corresponding non-extremal brane on a circle for a given charge q. 

We begin by expressing the leading-order behavior of the non-extremal solution (J4.7|) - 

(|4.9|) in terms of that of the neutral solution (J4.1j) . for which we have the asymptotics 

10 One could easily also use the U-duality to get branes that are smeared uniformly in some directions, 
but we choose not to consider this here. 
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(t2~2l . We have 



U = -g tt = 1 - ^ + 0(r- 2 ^) , (4.11) 



r 

and hence 

H=l + C -^^ + 0{r-^). (4.12) 

Moreover, for the spatial part V a b of the neutral metric, we only need that in spherically 
symmetric coordinates at infinity, g zz = 1 + c z /r d ~ s + 0(r~ 2 ( d ~ 3 ^). Substituting this into 
(|4.7|) - (|4.9|) and comparing to (|3,8j) . (|3.9j) then gives the relations 

ct = ct + ^ _ 2 ^ c t sinh 2 a , c z = c z + ^^^ Q sinh 2 a , (4.13) 
d — 2 

c u = — — — -q sinh 2 a , |c^.| = q cosh a sinh a , (4-14) 

and related to c u by (|3.17j) . Using these expressions in (|3.18|) , (|3.19j) we can then write 
the three independent physical parameters (fl, n, q) of the non-extremal brane in terms of 
the boost parameter a and the two independent quantities q, c z of the neutral solution. 
Using ()2.4j) . the latter two can be eliminated in favor of the physical parameters (/U,n) of 
the neutral solution, yielding the result 11 



li = ix 



d— 2 — n . l2 \ d — 2 — n _ . 

1 H sinh a , q = /i cosna sum a , n = n . (4.1b) 

a — 1 / a — 1 

We can now solve the second relation in (|4.16|) for a, 

cosha(/x,n,g) = l + h + ^ l + b ^ & = I. 2 . (4.17) 

2 J 6 (1 + vTTF) 2(d_1) 9 



Substituting Eq. (|4.17f) in Eqs. (|4.16f) we obtain the map 

( d-2-n \ 2 

(d + n) I 2(d-l) I q , . s 

Thus, given a neutral Kaluza-Klein black hole with mass \x and relative tension n, the 
transformation (|4.18j) gives us the mass fl and relative tension n for the corresponding 
non-extremal p-brane on a circle for a given charge q. Note that we can also write fl = 
fj, + u(fi, n, q)q where u(fi, n, q) = tanh a(fi, n, q). 

As a consequence of the map (|4.18|) we see that from knowing the phase structure of 
the {ll, n) phase diagram for neutral Kaluza-Klein black holes we get at least part of the 
phase structure of the {fl, n) phase diagram for non-extremal branes on a circle. 
11 Notice that from 14.13H - 14.16ll we get that the electric contribution to the mass is 

j[t e i = vq , (4.15) 

where the chemical potential v is given in l)4.1()|l . This is the well-known relation for non-extremal p-branes 
stating that the electric contribution to the mass is equal to the chemical potential times the charge. 
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Mapping of thermodynamics 

If we assume that the neutral Kaluza-Klein black hole with metric (|4.1|) has a single 
connected event horizon defined by U = 0, we can measure the (rescaled) temperature t 
and entropy s. For the corresponding solution of non-extremal branes on a circle (|4.7|1 - 
Q4.9|) we can then read off the (rescaled) temperature t and entropy 5. By using that 
H = coth 2 a on the horizon, it is then easily seen that we get the map 

Is = ts , tcosha = t, (4.19) 

where a is given in (|4.17l) in terms of n and q. 



Tension on world-volume 

For use below we also give the expression of the tension in the spatial world- volume of the 
brane 



/ 1 + n d — 2 — n .-, > 
T (») = ^ ( jTi + d - 1 " I ' ( 0) 



which follows from (|3.23f) and (|4.16|) . Using (|4.17f) to eliminate a, we get 

( d-2-n \ 2 fJ, 2 

(4 - d + 3n) I 2(d-i) ) q 

^'^W^ .. L.!L^v (4 - 2l) 

2(d-l)q 



1 + A/1 + 



which shows a similar structure as the mass [i in (|4.18j) . 



4.3 Ansatz for non-extremal branes on a circle 

As reviewed in Section |^1 we can write all Kaluza-Klein black hole solutions with a local 
SO(d — 1) symmetry, which seems to apply to all solutions with n < l/(d — 2), with the 
metric in the form of the ansatz (|2.11j) . Now, using this (d+ l)-dimensional metric (|2,11|) 
we can apply the same boost/U-duality transformation as for the general metric (|4.1j) . 
Using (|4.7|) - ()4.9|) we get the following p-brane solution in D = d + p + 1 dimensions 



ds 2 



-fdt 2 + ^(du 1 ) 2 + H 



L 1 



i=l 



(2vr) 2 



A 



A 



J dR + Kd=2 dv + KR dn d _ 2 



(4.22) 



e 2<P = R a ^ A ^ = CQth a ^ H -l _ A du l A . . . A du p 



(4.23) 



/ = 1 



d-3 



R d - 3 



H = l+ sinh 2 a^j^ . 



(4.24) 



This solution describes non-extremal p-branes on a circle. It is written in the Einstein 
frame for the Type IIA/B String theory solutions. 



20 



It is interesting to notice that this correspondence was already discovered in Ref. |14j . 
In Ref. Jl] it was shown at the level of equations of motion that for any solution that 
can be written in the ansatz Q2.11JI a corresponding non-extremal p-brane solution of 
string theory or M-theory could be obtained. The above boost/U-duality derivation thus 
provides us with a physical understanding of this correspondence. 

Regarding the topology of the horizon for the non-extremal solution (|4.22j) - (|4.24|) we 
note that if the neutral solution (|2.11f) is a black hole (black string) on a cylinder it has 
horizon topology S^ 1 (S d ~ 2 xS 1 ) and then the topology of the horizon in the non-extremal 
p-brane solution g^-g^U is R p x S^ 1 (W x S d ~ 2 x S 1 ). 12 

The dimensionless physical quantities fi, n, t, s, v and q can now be found directly for 
a given solution in the ansatz ()4.22j) - ()4.24j) . Defining \ and Ah as in (|2.12|) and ()2.14j) . we 
find HU 



(d - 3)n d _ 2 d _ 3 
( 2vr )d-3 



d-2 <2 
- — - - x + smh a 
a — 3 



„ 1 -; { '> (4.25) 

d-2-(d-3) X ' 1 ' 



d ~ 3 -- 4 ^- 2 /A<- 2 cosha, (4.26) 



2 V / A#ocosha (2?r) 



d-2 



tanha , q = — d _ 3 — Rq 3 cosh a sinha . (4.27) 



( d - 3)O d _ 2 Dd _ 3 
(2vr) c 

It is easy to see that Eqs. ()4.25|l - ()4.27|) are consistent with the transformation rules ()4. 16|) 
and (|4.19f) using the thermodynamics (|2.13|) . (|2.15|) for the ansatz (|2.11(l for Kaluza-Klein 
black holes. 

As stated in Section |21 we have three phases of Kaluza-Klein black holes with local 
SO(d — 1) symmetry: The uniform black string, the non-uniform black string and the 
black hole on cylinder branch. Via the map of Section 14.11 all these branches generate a 
non-extremal solutions that fit into the ansatz ()4.22|) - (|4.24|) . 

We treat the non-extremal branch generated from the black hole on cylinder in Section 
IH1 (the localized phase) and the non-extremal branch generated from the non-uniform black 
string in Sectional (the non- uniform phase). The non-extremal branch generated from the 
uniform black string branch is treated below. 

The uniform phase: Non-extremal branes smeared on a circle 

We use here the boost/U-duality map discussed above on the uniform black string branch. 
This generates non-extremal branes smeared on a circle. We refer to this as the uniform 
phase of non-extremal branes on a circle. 

The uniform black string branch is obtained in the ansatz (|2.11[) by putting A(R, v) = 
K(R,v) = 1. Therefore, we obtain the solution for non-extremal branes smeared on a 
12 In case the world-volume is compactified one should replace R p with T p . 
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circle by setting A(R,v) = K(R,v) = 1 in Eqs. (|02Jl - l|^22|) . yielding 

P t2 



jdR z + dv z + R z dn d _ 2 



(4.28) 



e 20 = R a ^ A = CQth a ( H -l _ f\du l f\--- f\du P 



(4.29) 



f = l R ° 



d-3 



R 



d-3 



r , .. , H = 1 + sinh 2 a ° „ . 

R d-3 



(4.30) 



This solution is well known, but we write it here explicitly for the sake of clarity. Note 
that comparing with 1)3 .7|) for R — > oo we see that i? = 2irr/L and u = 2irz/L. The 
physical quantities for this solution can easily be found by setting x = and ^ = 1 in 
Eqs. (1Q5|) - ((4~27|> . 



5 Defining a phase diagram for near- extremal branes on a 
circle 

In Section |3] we defined the class of non-extremal p-branes that we consider in the main 
part of this paper to be thermally excited states of the 1/2 BPS branes of String and 
M-theory. In this class of branes, we can define a near-extremal brane to be a non- 
extremal brane with infinitesimally small temperature, or, equivalently, a non-extremal 
brane with infinitely high charge. As we shall see in Section it is possible for any of 
the phases of non-extremal branes on a circle obtained from the map of Section 14.11 to 
take a near-extremal limit and obtain a corresponding phase of a near-extremal brane 
on a circle. Therefore, we define in this section what we mean by a near-extremal brane 
on a circle and how to measure the energy and tension for such a brane. This defines a 
new two-dimensional phase diagram for near-extremal branes on a circle, analogous to the 
two-dimensional (/it, n) phase diagram for static and neutral Kaluza-Klein black holes. 

Near-extremal branes on a circle 

Consider a given non-extremal p-brane on a circle, as defined in Section |31 We can write 
the metric as 




where t is the time-direction, u 1 the spatial world-volume directions, x a the transverse 
directions parameterizing M^ -1 x S 1 in the asymptotic region, and CW, C { a l> are 

functions of x 1 , x d . For such a solution, we want to take a near-extremal limit such that 
the size of the circle has the same scale as the excitations of the energy above extremality. 
This is because we want to keep the non-trivial physics related to the presence of the circle. 
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Therefore, for a non-extremal p-brane with volume V p , circumference L and rescaled charge 
q, the near-extremal limit is 

q — > oo , L ^ , g= fixed , I = L^/q fixed , x a fixed . (5-2) 



Note that in the metric (|5.1|) we keep C^^x 1 , and C^f (x 1 , ...,x d ) fixed in the near- 

extremal limit (|5.2|) . As we shall see below, the near-extremal limit ()5.2I) is defined so that 
the energy above extremality fi — q is finite. 

In the near-extremal limit (|5,2j) we rescale the metric in the transverse directions x a . 
Given a non-extremal brane, this means that after the near-extremal limit the asymptotics 
of the solution has changed, and we find below how the asymptotic region looks for near- 
extremal branes on a circle. For the non-extremal branes we use the asymptotic coordinate 
system (|3.7j) . Therefore, following ()5.1|) and (|5.2|) . we should rescale r = 2irr/L and 
z = 2ttz/L. From this we see that the circumference of the circle transverse to the branes 
has the length 2tt. We also see that the asymptotic region for the near-extremal branes is 
f — > oo. 

To understand better the near-extremal limit (|5.2|) it is important to consider this limit 
taken on an extremal brane on a circle, both since that can tell us about the asymptotic 
region r — > oo of general near-extremal branes on a circle and also since it will be the 
reference space when measuring asymptotic physical quantities, as we shall see below. 

The solution of extremal branes on a circle is given in Eqs. (|3.4l) - (j3.5j) . Taking the 
near-extremal limit ()5.2|) of this solution, we get 



ds 2 = H~t^ \^-dt 2 + Y^(du 1 ) 2 + H [df 2 + f 2 dQ 2 d _ 2 + dz 2 ] J , (5.3) 
e 24> = fya ^ A ^ = fi-l dt /\ du 1 A • • • A du p , (5.4) 

for r — > cxd. Note that we defined H = HL 2 /(2ir) 2 and that the solution is written in 
units of L/(2tt), which means that we have rescaled the fields with powers of L/(2tt). The 
solution (|5.3|) - (J5.5|) is exact for an extremal brane smeared uniformly on the circle, while 
there are for example corrections for an extremal brane localized at one point of the circle. 
In general all extremal branes localized in a point of the W 1 ' 1 of the cylinder M^" 1 x S 1 
are described by the solution (|5.3|) - (|5.4j) with 

6 = £*{ 1 + ■ t 5 ' 6 ) 

for r — > oo. Thus, the first correction to the solution ()5.3|) - (|5,5|) comes in at order e~ r . 
This will be important below since we use the extremal solution as the reference space for 
measuring asymptotic physical quantities. 
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If we consider now a near-extremal brane on a circle, we have that in the asymptotic 
region f — ► oo, the solution asymptotes to that given by Eqs. (|5.3)l - l|5.5j) . for a given value 
of I. We clearly see that the near-extremal solutions asymptote to a non-flat space-time 
described by the metric Q5.3|) . As opposed to the extremal case, the first correction for 
a near-extremal brane on a circle to the solution given by Eqs. (|5.3j) - (|5.5j) will in general 
appear at order f-( d ~ 3 ) relative to the leading order solution. 

Measuring energy and tension 

Let a near-extremal brane on a circle be given. We can then define asymptotic physi- 
cal quantities by comparing the solution to the extremal reference background given by 
Eqs. (|5.3|) - (|5.4|) and l|5.6j) . Using the definition of energy in 001 and the definition of 
tension in |25| we have that the energy E, the tension T along z and the tension "if in 
a world- volume direction u l , are given by 

*~ <wW^ ,D - 2, -^ 2 >). (6.7) 

f(u) 



N U (K,^ -!C[ D - 2) ) . (5.9) 



(2ir)^gV p J so 

Here Nf, N z and N u are the lapse functions in the t, z and u l directions, respectively. Sf° 
is a (D — 2)-dimensional surface at infinity (i.e. with f — * oo) transverse to the t-direction. 
<S^° and are instead {D — 3)-dimensional surfaces transverse to the z and u l directions, 
respectively, and both transverse to the i-direction since we do not want to integrate 
over the time-direction. Moreover, IC^ D ~ 2 ^ is the extrinsic curvature of the near-extremal 
brane solution while /Cq^ 2 ^ is the extrinsic curvature of the reference space, which is the 
extremal brane solution given by (|5.3|l - l|5.4jl and (|5,6|) . 13 In Appendix[X] we compute E, 
T and using Eqs. I|5.7|) - (|5.9jl for a particular class of solutions. 

We define now the rescaled energy e, the relative tension r and the relative world- 
volume tension r u as 14 

2-7rT 7»<fW 

e = gE, r = —, r u = ' ^ . (5.10) 

These quantities are useful since they are dimensionless. 

13 Note that for the z-direction we define K.^ D ~ 2 ^ and K.q D 2 ' to be the extrinsic curvatures of the {D — 2)- 
dimensional surface ]t\, t2[xS^, i.e. including the time-direction t. But since the extrinsic curvatures do 
not depend on the time-direction t we do not integrate over the time-direction in Eq. 15.81 . Similar 
comments applies to Eq. I|5.9^ . 

14 The symbol r is also used for the radial coordinate in I12. U and 13. 71 . However, it should be clear from 
the context whether r means the radial coordinate or the relative tension. 
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Given any near-extremal brane on a circle, we can read off the two quantities (e, r). 
Therefore, we can make an (e, r) phase diagram for all the near-extremal brane on a 
circle. 15 The program for near-extremal branes on a circle can now be formulated as 
taking any solution of the class defined above, and depicting the corresponding values for 
e and r in a (e, r) phase diagram for all possible solutions. This is analogous to the (//, n) 
phase diagram for neutral and static Kaluza-Klein black holes reviewed in Section 

In Sections 16191 we show that many of the features of the (/x, n) phase diagram for 
neutral and static Kaluza-Klein black holes are carried over to the near-extremal branes 
on a circle. In particular, we show in Section El that we have a map that gives a near- 
extremal brane on a circle from a neutral and static Kaluza-Klein black hole solution. 

For a given near-extremal brane on a circle with a single connected horizon we can 
also read off the temperature T and entropy S. 1G It is useful to define the dimensionless 
versions of the temperature and entropy 

t = lf, S=f£, (5-11) 

since I and g in (|5.2|) have dimension length. The first law of thermodynamics for near- 
extremal branes then takes the form 

6e = i5$. (5.12) 

Finally, we note that one can get the physical quantities for the near-extremal brane 
directly from the physical quantities of the non-extremal brane in the near-extremal limit 
O- We have 

E = lim (M - Q) , t = lim , L^f^ = lim ( L^lf* - Q] , (5.13) 

f = lim T , S = lim S . (5.14) 

We only prove the validity of these relations for a special class of solutions in this paper, 
namely for the near-extremal limit of the non-extremal branes on a circle that can be 
written in the ansatz (14.22(1 - 1)4.241) . 17 However, from a physical perspective, these relations 
are expected to hold for the complete class of non-extremal branes on a circle in the near- 
extremal limit (|5.2[) . 

Note that as a consequence of the first relation in (J5.13|) we have that 18 

e= lim (a — q) . (5.15) 



15 Note that we shall see in Section f6. 21 that r u is not an independent physical quantity for the class of 
near-extremal branes we consider. 

16 Note that the entropy S is found as the area of the event horizon divided by ^gV p (2iT) d ~ s . 

17 In Appendix [X] we compute the energy E and tension T for near-extremal branes on a circle in the 
ansatz lti.14l - lti.lBI . using the general expression for energy and tension 15.71 and 15.81 . The results match 
what one gets by taking the near-extremal limit directly on the non-extremal quantities as prescribed in 

18 In the following sections we sometimes write e = fi — q, by a slight abuse of notation. 
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It follows from this that the energy above extremality [i — q is finite in the near-extremal 
limit. 



6 Generating near-extremal branes 

We constructed in Section |3] a map that takes a given neutral and static Kaluza-Klein 
black hole and transforms it into a solution for non-extremal branes on a circle, using a 
boost/U-duality transformation. In this section, we take the near-extremal limit of this 
map and thereby obtain a map that instead takes a given Kaluza-Klein black hole solution 
to a solution for near-extremal branes on a circle. This in turn induces a map from the 
(/j,, n) phase diagram for Kaluza-Klein black holes to the (e, r) phase diagram for near- 
extremal branes on a circle. Finally, we show that one can use the map on the ansatz 



1)2.11)1 to get an ansatz for certain phases of near-extremal branes on a circle. 
6.1 Near-extremal limit of U-dual brane solution 

Let a static and neutral Kaluza-Klein black hole be given. The metric can be written in 
the form (|4.1jl . In Section0]we learned that we can transform the Kaluza-Klein black hole 
into the solution (|4.7[) - (|4.9|) describing non-extremal p-branes on a circle. We now take 
the near-extremal limit (|5.2j) of ()4.7|) - (|4.9|) . Note first that we need to write U and V a b as 
functions of the dimensionless variables x 1 ,...,x d . In this way U and V ab do not change 
under the near- horizon limit (|5,2|) . Note also that f = 2rrr/L and z = 2ttz/L can be used 
as two of these dimensionless variables. Then, from (|2.2|) we see that 

U = l-^h + 0(r-^), qe^, (6.1) 

for r — > oo. Using now ([3.20)1 and (|4.14j) we get that the charge q can be written 

(d - 3)f} d _2 



(27T) 



d-3 



'-dt cosh a sinha . (6-2) 



Since L^/q should be fixed in the limit L — > we see that a — > oo with Le a being fixed. 
Define the rescaled harmonic function 

L 2 

H = lim - — . (6.3) 
L^o (2vr) 2 v ' 

One can check that H is finite in the near-extremal limit 1)5.2)1 . We can then write the 
resulting solution for near-extremal p-branes on a circle as 

ds 2 = H~t^ (^-Udt 2 + Y^(du 1 ) 2 + HV ab dx a dx b ^j , (6.4) 



e 



^ = H a , A (p+1) = H~ l dt A du l A • • • A du p , (6.5) 
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where 

A = ht l^ t!us «2£L. (6 . 6) 

c t {d - 3)i2 d _2 

Here the fields in Q6.4j) - Q6.5|) have been written in units of L/(2tt), i.e. we have rescaled 
the fields with the appropriate powers of L/(2n) to get a finite solution. 

It is important to note that, using (|6.1|) and (|6.6|) . we have to leading order for f —* oo 

H = J^ + (f- 2 ^) , (6.7) 

which agrees with the leading order harmonic function of the near-horizon limit of the ex- 
tremal case, as given in (|5.3|) - (|5.5|) . As a consequence, the near-extremal p-brane solutions 
generated this way correctly asymptote to the near-extremal limit of the extremal p-brane 
on a transverse circle, which is taken as the reference space when calculating energy and 
tensions. 

In conclusion, we have that for any neutral Kaluza-Klein black hole with metric (|4.1|) 
we get the solution ()6.4|) - (|6.6j) describing near-extremal p-branes on a circle. This is one 
of the central results of this paper since it enables us to find new phases of near-extremal 
branes on a circle from the known phases of neutral Kaluza-Klein black holes. In particular, 
in the following we study the near-extremal p-brane solutions that follow from the black 
hole on cylinder branch and the non-uniform black string branch. The resulting solutions 
are respectively the phase for near-extremal branes localized on the circle (see Section [SJ) 
and a new non- uniform phase for near-extremal branes (see Section |5J) . 

6.2 Mapping of phase diagram 

We have shown above that any neutral Kaluza-Klein black hole can be mapped into a 
solution for near-extremal branes on a circle. As a consequence of this, we show in this 
section that we can map the physical parameters /i and n for the neutral Kaluza-Klein 
black hole into e and r for the near-extremal branes on a circle. We furthermore find a 
map for the thermodynamics. 

To find this map, we first note that we can easily read off what e = p, — q becomes 
in terms of /i and n using (|4.18|) . since q — ► oo in the near-extremal limit l|5.2|) . For the 
tension, on the other hand, we can use that it follows from (|3.1U|) . (|4.13f) and (|4.14|l that 

for non-extremal branes on a circle related to neutral Kaluza-Klein black holes by the map 
in Section 14.11 Then, using the near-extremal limit (|5,2j) and (|5.13|) we get 

t = EL . (6.9) 

Collecting the above observations, we see that given a neutral Kaluza-Klein black hole 
with mass \x and relative tension n we find that the corresponding near-extremal p-brane 
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on a circle (D = d + p + 1) has energy e and relative tension r given by 

d + n (d— l)n 

-H , r = 2^— '— . (6.10) 



2(d-l)^' d + n 

We remind the reader that the energy e and relative tension r are defined in ()5.1U() . 

The near-extremal map ()6.10)) is another of the central results of this paper since it 
gives a direct way to get the near-extremal (e, r) phase diagram from the (fi, n) phase 
diagram for neutral Kaluza-Klein black holes. 

For a solution with a single connected event horizon (defined by U = 0) we have 
furthermore, that for a neutral Kaluza-Klein black hole with (rescaled) temperature t and 
entropy s the corresponding near-extremal brane on a circle has the (rescaled) temperature 
t and entropy s given by 

ts = ts , l = W\s . (6.11) 

To show this, one first finds that t = t^/q and s = s/^/q using 1)3.26)1 . 1)5.2)) . 1)5.11)1 and 
l|5.14|) . Then one finds from ()4.16)) and ()2.8|) that qj cosh 2 a — ► ts in the near-extremal 
limit l|5.2|) . Using this together with 1)4. 19|) . one derives the map ()6.11)) . 

World-volume tension 

Besides the mapping 1)6.10)1 . it is also interesting to compute the near-extremal limit ()5.2j) 
of the expression 1)4.21)1 for the world- volume tension of non-extremal branes. In terms of 
the relative world-volume tension r u defined in 1)5. 1UI) we find that 19 

r » = i^. (6.12) 
d + n 

This is not an independent quantity for the near-extremal brane, since r u is related to 
relative tension in the transverse direction via 

4~d + 2r 

r u = ~ d , (6.13) 

which follows using 1)6.10)1 in (|6.12[) . This relation is the analogue of 1)3.22)1 for non- 
extremal branes, which physically expresses the fact that the gravitational part of energy 
and tension does not affect the world- volume directions (see Section 13. 2)) . Note that while 
the relation 1)3.22)1 follows in full generality from our definition of non-extremal branes 
on a circle, the relation ()6.13|) is proven here only for the class of near-extremal branes 
obtained in Section [6. II via U-duality and the near-extremal limit. 

6.3 Ansatz for near-extremal branes on a circle 

For the neutral Kaluza-Klein black holes with local SO{d — 1) symmetry we can write the 
metric in the ansatz ()2.11)) . as reviewed in Section |2I We can therefore use the map 1)6.4)1 - 
()6.6)1 to near-extremal p-branes on a circle. The resulting near-extremal p-brane solution 



1!) 



In terms of the non-extremal quantities, we have r u = lim,j_oo (t( u ) — q)/(fi — q) 
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is (D = d + p + 1) 



ds 2 = H~~&=5 



-fdt 2 + ^{du i f + H 



i=l 



A --.2 , A. 2 



jdR z + j^dv' + KR 2 dn 2 d _ 2 



e 2<f> = fia ^ A = ft-l dt A du l A . . . A du p 




f = l 



jjd-3 



H 



hd 



hA 



/ 2 (2tt) 



d-5 



(6.16) 



R d-3 ' ' (d_3)n d _ 2 

Note that it can also be obtained directly from (|4.22|) - (|4.24|1 in the near-extremal limit 

The ansatz ()6.14(l - (|6.16() for near-extremal branes on a circle was in fact already ob- 
tained in ^1] . Here we see that it origins from the ansatz (|2.11|) for neutral Kaluza-Klein 
black holes with SO(d— 1) symmetry by first doing the boost/U-duality transformation of 
Section 14.11 and then the near-extremal limit (|5.2|) . This gives a physical understanding 
of the consistency of the ansatz (|6.14|) - (|6.16|) . 

We can now find the energy e, relative tension r, temperature t, entropy s and relative 
world- volume tension r u directly from the ansatz (|6.14|) - ()6.16|) . Defining \ an d Ah as in 
(t2~T2l and TZT^i . we find Q3] 



(d - 3 )O d - 2 
(2vr 



id— 3 



K 



d-l 
2{d - 3) 



X 



, l-(d-2)(d-3) X 
' d _ i _ 2 (d - 3)x 



(6.17) 



(d-3) 3 / 2 ^ 



d-2 



2(2vr)( d - 3 )/ 2 



1 d-5 

R n 2 



d-2 



d 



( 2vr )(rf-3)/2^- 

2(d-3)x 



d-l 
2 



(6.18) 



(6.19) 



d- l-2(d-3)x ' 

One can easily check that (|6.17|) - (|6.19|) are consistent with the mapping relations (|6.1U() . 
(|6.11() and (|6.12() . and Eqs. I|2.13j) - (|2.15|) for neutral Kaluza-Klein black holes described 
by the ansatz (|2.11j) . 

It is important to notice that there are two ways of computing e and r. One can apply 
(|5.7jl and (|5,8|) directly to find E and T . This is done in Appendix Alternatively, one 
can use (j4.25|) and (|4.27|) to find E and T via ()5.13j) . That these two ways of finding the 
energy and tension give the same result is important since it shows the consistency of the 
near-extremal limit, and in particular the validity of the relations (|5.13|) . 



7 General consequences of near- extremal map 

Before examining some specific applications of the map from neutral Kaluza-Klein black 
holes to near-extremal branes on a circle found in Section 16.11 and the induced map 
of the phase diagrams (|6.1U|) . we first discuss here some further general properties and 
consequences. 
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7.1 General features of the (e, r) phase diagram 

We begin by discussing some general features of the (e, r) phase diagram that one can 
derive from the map of the phase diagrams (|6.10j) . 

We first notice that if we use the bounds (|2.5|) on n for neutral Kaluza-Klein black 
holes, we get from the map (|6. lOf) the bounds 



for the relative tension r of near-extremal branes on a circle. Clearly the bounds (|7,1|) are 
derived here for the class of near-extremal branes that is generated by the U-duality map 
and near-extremal limit. We believe, however, that (|7.1|) is generally valid, and it would 
be interesting to show this from the general definitions of energy and tension in Section 
03 Note that the upper bound on r also makes physical sense in view of the near-extremal 
Smarr formula (|7.9j) that we find below. 

The results of Section El mean that we can map all the phases of neutral Kaluza-Klein 
black holes to phases of near-extremal branes on a circle. In this paper we map all three 
known phases of Kaluza-Klein black holes with n < l/(d — 2) to phases of near-extremal 
branes on a circle. Since we have from ()6.1U|) that n = l/(d — 2) maps to r = 2/{d — 1), 
we see that all near-extremal branes on a circle obtained here have < r < 2/{d — 1). 
We deal with the known phases with n > l/(d — 2), which consist of solutions that have 
Kaluza-Klein bubbles present, in a future publication [SUJ. Notice that these phases have 
2/(d- 1) < r < d- 2. 

As reviewed in Section [21 the known phases of Kaluza-Klein black holes with n < 
l/(d—2) consist of three phases: The uniform black string branch, the non-uniform black 
string branch and the black hole on cylinder branch. These are the three known phases 
with a local SO(d — 1) symmetry, and we can thus in all three cases use the ansatz (|2.11j) 
for the neutral solution, mapping to the near-extremal ansatz H6.14j) - (|6,16|) . From the map 
in Sectional we now get the following three phases of near-extremal branes on a circle: 

• The uniform phase. This phase is a near-extremal brane uniformly smeared on the 
transverse circle. It comes from the uniform black string, so it is given by the ansatz 
(|6.14|) - (|6.16|) with A(R, v) = K(R,v) = 1. For completeness, we write the solution 
here: 



< r < d- 2 



(7.1) 



„ ~ d-2 

ds 2 = H~d^ 



fdt 2 + J2{du i ) 2 + H 1-dR 2 + dv 2 + R 2 dn 2 d 



i=i 



) 



(7.2) 



H a , Afy +1 ) = H 1 dt A du 1 A • • • A du p 



(7.3) 



/ = 1 




H = 



hi 



hd 



l 2 (27T) d - 5 
(d - 3)Oi_2 ' 



(7.4) 



R d-3 



R d-3 
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Using n = \/{d — 2) in (|6.10|) and (|6.12j) gives the relative tension r = 2/{d — 1) and 
the relative world- volume tension r u = — (d — 5)/(d — 1). The thermodynamics for 
the uniform phase is 20 

d-1 

47T i / 2 e \ 2(d-3) 

2(d-3) 

Note that we discuss a possible classical instability of the uniform phase in Section 

El 

• The non-uniform phase. This phase is a configuration of near-extremal branes that 
are non-uniformly distributed around a circle. This phase is obtained by applying the 
near-extremal map of Section [6.11 to the non-uniform black string branch reviewed 
in Section [2J and in more detail in Section [9. II We consider the non-uniform phase 
in detail in Section EI 

• The localized phase. This phase is a near-extremal brane localized on a transverse 
circle. It is obtained by applying the map to the black hole on cylinder branch. 
Since the black hole on cylinder branch starts in (/i, n) = (0, 0), we get from the map 
(|6.1U|) that the localized phase starts in (e,r) = (0,0). That the tension along the 
transverse circle is zero is expected since the brane becomes completely localized on 
the circle in the limit e — > 0. Note that from (|6.13|) this corresponds to the relative 
world- volume tension r u = —(d — 4)/d, in agreement with the result when we do not 
have any transverse circle (see e.g. 1251). We consider the localized phase in detail 
in Section 

Copies of near-extremal branes on a circle 

Since we know that for any Kaluza-Klein black hole in the ansatz (j2.11|) we have an infinite 
number of copies |451 124j . it also follows that we have an infinite number of copies of near- 
extremal branes in the ansatz (|6,14|) - (|6.16[) . Using the transformation (|2,16|) and the map 
(|4.18j) we can easily determine the corresponding expressions for the physical quantities 
of the near-extremal copies 

e / = fc -(d-3) e 9 r / = rj y = k -^ t ^ |/ = Ar ^ Sj (7 7) 

in terms of (e, r, t, s) of the original near-extremal solution, with k being a positive integer. 
20 f is the rescaled free energy defined in 17.121 . 
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Mapping of curves 

In specific applications, it is useful to convert the near-extremal map (|6,1U|) to a map of 
curves from the neutral (//, n) phase diagram to the non-extremal (e, r) diagram. Given 
curves fi(n), s(n) of Kaluza-Klein black holes we get 

d ( dr \ „. , (2{d- 1) - r\ 1/2 5 ( 2 (d-i)-r) 



2(d- 1) -r r 'V2(d- 1) -r/ ' ~ v y V2(d-2-rW ..i/af rfr 

" ^2(d-l)-r 

and t can then be found from the near-extremal Smarr formula (|7,9[) . 
7.2 Thermodynamics 

We consider here the some general features of the thermodynamics for near-extremal 
branes on a circle, following from the maps (|6,1U|) and (|6.11|1 . 

We first consider the Smarr formula. Using the Smarr formula (|2.8|) of the neutral case 
and the maps (|6,10|) and (|6,11|) we obtain the near-extremal Smarr formula 

t§ = 2 d ~ 2 d ~ T e . (7.9) 

This formula holds for all near-extremal branes generated via U-duality and the near- 
extremal limit. Using this in the first law (|5.12|) . one finds that 

^£ = d 

5\oge 2(d-2-r) 1 ' 

A consequence of this is that given a curve r(e) in the near-extremal phase diagram, 
we can calculate the entropy function s(e) by integration and hence obtain the entire 
thermodynamics. 

It is important to realize that if we take two neutral Kaluza-Klein black hole solutions 
with same mass fi and use the map (|6.10f) the two solutions do in general not have the 
same energy e. This means that one cannot directly translate comparison of entropies 
between branches from the neutral case to the near-extremal case. Thus, if one has two 
Kaluza-Klein black hole branches A and B with branch A having higher entropy than B, 
then after the map (|6.1U() . this might be reversed so that branch B has the higher entropy 
for a given energy e. However, thanks to the following Intersection Rule for near-extremal 
branes on a circle, some features of comparison between entropies of different branches 
still hold. 

Consider two branches A and B that intersect in the same solution with energy e* 7^ 0. 
Using the first law of thermodynamics (j5.12j) and subsequently the Smarr formula (|7.9|) 
we have 

S ^( e )_i, f e ^BSB-tASA _ 1 | r ^ 2e' 

5% Je* dtAiB^B 



1+ / de' " =1+ / de' (r A -r B ) . (7.11) 

SB{e) J tt Ut B si J t , dt A i B si 



From this we get 
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• The Intersection Rule. For two branches A and B that intersect in the same solution 
with energy f, / we have the following rule: If we have r^(e') > rs(e') for all 
e' with e* < e' < e, we have that s^e) > s^e). On the other hand, if we have 
ta{.(-') > i~B(e') for all e' with e < e' < e*, we have instead that Sa(c) < Ss(e). 

Note that this is completely analogous to the Intersection Rule for neutral Kaluza-Klein 
black holes found in |23| . 

We now turn to the canonical ensemble and consider the free energy. The Helmholtz 
free energy is defined as 

f = e-ts , Sf = -sSt. (7.12) 
Using the Smarr formula (|7,9|) one finds 

f=i^e. (7.13) 

In parallel with (|7.10j) we then have 

^1 = 2 d -]- r . (7.14) 
Jlogt d-4-2r 

This shows that if we know the curve r(t) the free energy f(t) can be directly calculated 
by integration. 

7.3 World-volume tension, pressure and free energy 

We consider in this section the consequences of (|6.12|) and (|6.13|) for the world-volume 
tension and relative tension that we defined in ()5.9|) and ()5.1U(I . 

We first note that for near-extremal branes the world- volume tension is generally neg- 
ative (see also below). This is contrary to the non-extremal case, where the world- volume 
tension is always positive. It is therefore more natural to introduce the pressure, which 
is related to minus the tension and hence generally positive. Another reason to introduce 
the pressure is that this quantity has direct physical relevance in the field theory dual to 
the near-extremal brane. 

In terms of the relative world-volume tension r u the dimensionless pressure is 21 

P = ~r u e . (7.15) 

Using the relation H6.13j) between world-volume and transverse tension, and comparing 
with the free energy in (|7.13|) we observe 

p = -f , (7.16) 

so that world-volume pressure is minus the free energy. Note that the same result was 
found for non-extremal branes in (J3.3U|) . The result ()7.16j) can be equivalently stated by 

21 The dimensionful relation is P = -L^T^ /V p = -r u E/V p . 
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saying that the Gibbs free energy G = E—TS+PV vanishes for all near-extremal p-branes 
on a transverse circle. For the standard near-extremal p-branes this was shown in |25j . 
It would be interesting to understand the general property we have found here from the 
dual field theories. 

We now further examine the consequences of the expression for pressure in (|7.15[) . For 
(|7.15j) to make physically sense from the dual field theory point of view, we should be in a 
regime where the world-volume tension is negative and hence the pressure positive. From 
the mapping relation 1)6.12(1 this means that the original Kaluza-Klein black hole solution 
should have 

n < ^ , (7.17) 

or, in terms of the relative tension, 

d - 4 

r < — . (7.18) 

Note that when the bound is saturated the free energy (and pressure) is zero. Taken 
together with the bounds (|2.5j) on n, we find that the way we can satisfy (|7.17|) is highly 
dependent on the dimension d and hence on the dimension of the brane: 

• For d = 4 the bound (|7.17|) is only satisfied for n = 0, which corresponds to a 
near-extremal brane localized on the transverse circle (in the decompactification 
limit). This case thus corresponds to the near-extremal NS5-brane in type II string 
theory. Indeed, the thermodynamics of the near-extremal NS5-brane is known to be 
degenerate with vanishing free energy. 

• For d = 5 the bound (|7.17|) becomes n < 1/3, so we need to take Kaluza-Klein 
black holes with tensions not exceeding that of the uniform black string. So only the 
Kaluza-Klein black holes with SO(d — 1) symmetry are allowed. The limiting case 
n = 1/3 corresponds to the M5-brane uniformly smeared on the transverse circle, 
and has the same thermodynamics as the NS5-brane. The lower limit n = is that 
of the standard near-extremal M5-brane with negative free energy. 

• For d > 6 it is not difficult to see that the entire black hole/string region < n < 
l/(d — 2) is included, as well as a subset of the region l/(d — 2) < n < d — 2 
containing Kaluza-Klein bubbles, namely l/(d — 2) < n < (d — 4)/3. This case 
includes e.g. phases of near-extremal Dp-branes with < p < 4, the F-string and 
the near-extremal M2-brane. 

Note that at present we only know explicit solutions in the Kaluza-Klein bubble region 
l/(d — 2) < n < d — 2 for the cases d = 4 and 5. This part of the phase diagram was 
recently considered in detail in However, the considerations above show that it would 
be very interesting to obtain such configurations for d > 6. Near-extremal solutions with 
black holes and Kaluza-Klein bubbles will be discussed in a forthcoming work |5Uj . 
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8 Near-extremal branes localized on the circle 



In this section we use the analytical results of Ref. JH] for small black holes on the cylinder 
together with the U-duality mapping of Sections |1] and |S] to obtain the first correction to 
the solution and thermodynamics of non- and near-extremal branes localized on a circle. 
We refer to this as the localized phase of non- and near-extremal branes. 



8.1 Review of small black holes on cylinders 

We begin by reviewing the metric for small black holes on cylinders, obtained in Ref. 
This metric was obtained in the ansatz 



22 



ds 1 



-fdt 2 + 



L- 



(2nf 



^dp 2 + fidO 1 + Kp 2 sin 2 edn 2 d _ 2 



f 



K d-2 



, f = l 



d-2 

Po 

pd-2 



obtained from the original ansatz (|2.11l) via the coordinate transformation 



R 



■d-3 



k d p d 



d 



7T 



d-3 

d-2 



dx(smx) c 



x=0 



i rf-2n d _i 

2-7T d — 3 £ld-2 



k d 1 Rq 3 for the horizon radius. The new coordinates 



We thus have the relation p 
(p, 0) are more suitable than the (R, v) coordinates since the solution should approach 
the black hole metric on M. d as the mass becomes smaller. Indeed, the (p, 9) coordinates 
become like spherical coordinates as po — > 0. 

The flat space limit A4 d x S 1 of the metric in the (p,9) coordinate system is reviewed 
in Appendix El This takes the form of (|8.1jl with po = (/ = 1) and the functions 
A = Aq(p,8), K = Kq(p,8) given in (|B.9|) . By considering the Newtonian limit of the 
Einstein equations, the leading correction to the metric for small black holes on cylinders 
is for p S> po given by 



A = An 



p 



pV 



2{d - 2) p' 



d=2 d P A ° ' 



K = Ko 



P 



Pt 2 



2(d - 2) p 



xT2 d P K o 



(8.3) 



which holds to first order in p^ 2 when po -C 1. Using the p <C 1 expansion of Aq and Kq 
reviewed in (|B.10(1 - (|B.11|) this becomes 



A = l + 



2(d - l)C(d - 2) 
(c/-2)(2vr) d -2 L 



2p 



d-2 



Pt 2 



+ 0(p d ) 



•4) 



K = 1 + 



2((d- 2) 



(d-2)(27r) d -2 
which describe the metric for po <C p <C 1. 



2p d - 2 



Pt 2 



+ 0(p d 



(8.5) 



2 See also |19) for analytic work on small black holes on cylinders. 
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The metric for small black holes on cylinders for po < p 1 was then found by solving 
the vacuum Einstein equations and using the fact that in this range A, K are independent 
of 6. The result is given by 

~ ~ d-2 1 - W 2 5 d ~ 2 

A m=^=K'— = t-j-^ + w, 8.6) 

w p d Q 

with w a constant. This constant was subsequently fixed by comparing (|8,6|) to l|8.4|) - l|8.5jl 
yielding 

C(d~ 2) jl_ 2 i fnl 2(d-zy 
(2vr) c 

We recall that the metric for larger p is given by (|8,3|) in the ansatz ()8.1j) . 

The result may then be summarized as follows: For po < p <C 1 the metric of a small 
black hole on a cylinder W 1 ' 1 x S 1 is given by ^H] 

ds 2 = -fdt 2 + r l G~ 2J ^dp 2 + G~^p 2 (d6 2 + sin 2 6 dVL 

n.d-2 i „,,2 zd-2 



™ = 1 + ib^Po+OW d ~^- (8-7) 



d-2 J i 



1_ ^=2' = - p d-2 + W » W = 1 + (27r)d -2 PO +<W % 



to first order in Pq~ 2 . Since M oc Pq~ 2 this means that we have the complete metric for 
small black holes on cylinders to first order in the mass. Notice also that w = 1 in the 
metric above yields the (d + l)-dimensional Schwarzschild black hole metric, so that the 
small black hole metric correctly asymptotes to that metric in the limit po — > 0. 

The corrected thermodynamics can then be computed from (|8.8|) . and we refer to 
Ref. |18j for the expressions of (p, n, t, s) in terms of po, including the first correction. The 
results are nicely summarized by the simple relation 

"^ V^;> +cV) - (8 - io) 

This shows that to first order, the relative tension increases linearly with the (rescaled) 
mass, and, in particular, gives an analytic expression for the slope, which we define by 

_ (d-2)C(d-2) 
Xd = 2(d • (8 ' U) 
See Fig. ^ for a plot of ()8.1U|) in the phase diagram for d = 5. 

From (|8.1U|) and the first law of thermodynamics ()2.8|) we then find ^H] 
51ogs d-l ( ((d-2) . 2 \ 

This relation can be integrated to give 



1 d-l 



f (/z) = C[ d) ^ (l + ^^^^^ - /i + 0(P 2 )) , Cf ) ^47T(^_ 1 )-^(d-l)-^ 

(8.13) 

where the constant of integration is fixed by the physical requirement that in the limit of 
vanishing mass we should recover the thermodynamics of a Schwarzschild black hole in 
(d + l)-dimensional Minkowski space. 
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8.2 Localized phase of non- and near-extremal branes 

We can now use the general U-duality results l|4.7jl - l|4.9jl and the ansatz (|8.1|) to obtain 
the metric for a non-extremal p-brane solution in D = d + p + 1 dimensions, localized on 
a circle. The non-extremal solution then takes the form 



ds 2 = ^-1^2 _/dt 2 + ^(rf^) 2 + # 



(2VT) 2 



7^ 2 + ^i^ 2 + ^ 2 ^- 2 



(8.14) 

e 2 * = H a , A (p+1) = coth a (H' 1 - l)dt A du 1 A • • • A du p , (8.15) 

/ = 1-^, tf = l+sinh 2 a£J, (8.16) 

with A, given by the expressions in (|8.3[) and (|8.6() . 

The mass Ji and relative tension n now follow immediately by substituting the relative 
tension (|8.10|) in the general map (|4.18|) . Moreover, we can eliminate /i and n completely 
and obtain for a given q the curve n(fl; q) in the non-extremal (jl, n) phase diagram. After 
some straightforward algebra, the result is 

mq) = ^^W-q) + o((fi-q) 2 ) , (8.17) 



d 

where is defined in (|8.11|) . Here we have expanded to first order in Jx— q, keeping in mind 
that the neutral relation (|8.1(J|) is the linear approximation in terms of the neutral mass \i. 
Eq. (J8.17|) thus shows that this branch is the linear approximation around the extremal 
point (/i,ra) = (q,0). Thus in the (p,n) phase diagram, this phase of non-extremal branes 
localized on a circle starts in the extremal point and goes upwards with a slope that can be 
read off from (|8.17|) . The corresponding entropy and temperature of the branch can also 
be computed from the neutral thermodynamics ()8.13|) and the mapping relations (|4.19|) . 

We recall that an essential ingredient in finding the neutral black hole on cylinder 
branch was the (consistent) assumption that in the limit of vanishing mass the black 
hole behaves as a point-like object. We see here that this assumption translates into 
the property that a non-extremal p-brane localized on a circle becomes point-like in the 
extremal limit, i.e. for small temperatures. 

It is important to notice that a non-extremal p-brane on a circle in the localized phase 
has an event horizon with topology MP x S"^ 1 . 

Near-extremal branes localized on a circle 

The most interesting application is to near-extremal branes. Using (|8.1|) in the general 
expression ()6.14j) - (|6.16|) for the near-extremal branes on a circle in the ansatz, we find 

ds 2 = R-t^ l-fdt 2 + ^2(du 1 ) 2 + H 



8=1 



j dp 2 + ^z-S 2 + Kp 2 dtf d _ 2 



U8) 
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e 2<p = H a , A(p +1) = H~ l dt A du l A • • • A dvP , (8.19) 

with fed defined in (|8.2|) . 

More explicitly, we can substitute the result 1)8.8)1 in 1)8. 18|) . giving 



ds 2 = fl~ij=S f -fdt 2 + ^{du*) 



\ i=l 

„ r , 2(d-D 



f- x G~^^dp 2 + G~^p 2 (dO 2 + sin 2 6»dfi|_ 2 



121) 



where the functions / and G are given in (|8.9|h This background thus describes a near- 
extremal p-brane localized on a transverse circle. 

The energy e and relative tension r of this near-extremal solution follow immediately by 
substituting the relative tension l)8.1U)l in the general map (|6.1(J|) . Again, we can eliminate 
p and n completely, so that we obtain 

r(e) = 4(d ~ 2 1)2 X d e + 0(e 2 ) , (8.22) 

where is defined in 1)8.11)1 . Here, we have kept only the linear term in e, in accordance 
with the fact that the neutral solution contains only the first order correction in p. 

This equation is an important result as it determines the first order correction to the 
relative tension for near-extremal branes localized on a transverse circle. As for the neutral 
black hole localized on a circle ^S], we observe that r — * for e — > 0. This means that 
as the energy above extremality goes to zero the near-extremal brane becomes more and 
more like a near-extremal p-brane in asymptotically flat space. 

The relation 1)8.22)1 enables the determination of the entire thermodynamics, using 
for example ()7.1U)) . Alternatively, one can use the neutral thermodynamics 1)8.131) and 
the near-extremal map ()6.1Uj) . In particular, using 1)8.22)) in l)7.1U|) we find the corrected 
entropy function 

(8.23) 

Here the constant of integration c[ d ^ is fixed by the physical requirement that in the limit 
of vanishing energy we should recover the thermodynamics of the p-brane in asymptotically 
flat space. 

From 1)8.23)1 one finds using the first law of thermodynamics 1)5.12)1 that 
2(d - 2) / ( d _ i)(3d - 4)C(d - 2) , 



t(e) = v ' e 1 - ^ " n .^ v >-e + 0(e 2 ) . (8.24) 

dc[ d) V d 2 (d-2)n d _ 1 ■ 1 
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From this and (|8,22|) the free energy can be computed, either by integrating (|7.14|) . or by 
inverting and directly using (frrSjl . We find that the free energy of the localized phase of 
near-extremal p-branes is to first order given by 23 

w rfV 2(d-2) / 2(d~ l)C(d- 2)k\ d K-M±^l /.- 2(d-2) n\ 

f(t) = -iq d) r^~ 1 + V ;s \ ; 1 t~a=3~ +0((t^^) 2 ) , (8.25) 



(d - 4) 2 ft d _ 

This expression for the free energy including the first correction at low temperatures for 
the localized phase of near-extremal branes is one of the central results of the paper. 

Since the near-extremal branes localized on a circle, fall into the ansatz (|6,14|) - ()6.16|) . 
it follows from the results of Section lV.ll that we have an infinite number of copies for near- 
extremal brane localized on a circle. The corresponding thermodynamics of these copies 
can be easily found using the mapping relation (|7.7j) and the thermodynamics obtained 
above. 

As an important application of the results above, we compute in Sections ^2 and ^] 
the resulting expressions for the corrected free energy for the field theories that are dual to 
respectively the M5-brane, D-branes and M2-brane on a transverse circle. In particular, 
for the case of the M5-brane the result is relevant for thermal (2,0) Little String Theory, for 
D(p — l)-branes the above results are relevant for the localized phase of thermal (p + 1)- 
dimensional supersymmetric Yang-Mills theory on MP' 1 x S 1 and for the M2-brane we 
find new results in uncompactified thermal (2 + l)-dimensional supersymmetric Yang-Mills 
theory on M?. 



9 New non-uniform phase for near- extremal branes on a 
circle 

Another interesting branch of neutral and static solutions on A4 d x S 1 to map to near- 
extremal solutions is the non-uniform string branch. As reviewed in Section[21 it was found 
in 1101 1111 112j that a neutral and static non-uniform string branch will emerge out of the 
neutral and static uniform string branch at the Gregory-Laflamme mass [i = /xgl- Thus, 
there exist in particular non-uniform string branches on A4 d x S l with 4 < d < 9. Using 
the maps of Section |1] and H3 this means that we get new non-extremal and near-extremal 
p-brane solutions on a circle that have horizons connected around the circle but that are 
not translationally invariant along the circle. We refer below to a p-brane configuration 
in such a new type of phase as being in the non-uniform phase. 

This section is structured as follows. In Section f9.1l we review certain important facts 
about the non-uniform string branch for 4 < d < 9. In Section [9.21 we consider the map 

Note that since K{ oc d — 4 the leading term in the free energy is zero for d = 4, i.e. the D5- or 
NS5-brane, as it should be. The first correction term on the other hand is finite in this case. 
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to non-extremal branes on a circle, and in Section f9, 31 to near-extremal branes on a circle. 
We treat the case d = 5 in detail in Section 

9.1 Review of non-uniform black string branch 

We give in this section further details on the non-uniform string branch, focusing on the 
behavior near the Gregory-Laflamme point /x = /xgl- 

As reviewed in Section the non-uniform string branch starts at fj, = //ql with 
n = l/{d — 2) in the uniform string branch and continues with decreasing n. We can 
therefore write n(//) for the non-uniform string branch near the Gregory-Laflamme point 
as 

n(n) = - 7(A* " MGl) + C((/i - ^gl) 2 ) , < n - fi G L « 1 . (9.1) 

The approximate behavior of the branch near the Gregory-Laflamme point fi = /xql is 
studied for d = 4 in ^U], for d = 5 in and for general d in [T2|. These computations 
give the values for the constant 7 in (|9,1|) as listed in Table^fo 1, 4 < d < 9. 24 We see that 
since 7 is positive we have that the non-uniform branch has decreasing n and increasing 
fj, for 4 < d < 9. 25 



d 


4 


5 


6 


7 


8 


9 




3.52 


2.31 


1.74 


1.19 


0.79 


0.55 


7 


0.14 


0.17 


0.21 


0.31 


0.47 


0.74 



Table 1: The critical masses //ql for the Gregory-Laflamme instability and the constant 
7 determining the behavior of the non- uniform branch for < fi — fiQL <C 1. 



Using (|2.10j) with (|9.1I) , we get the following expansion of the entropy around fi = /xql 
«(m) l ^-^-Wl d-2 ( d-2 \ (n-/i GL ) 2 3 

= 1+^ q ^71 ^2 1 ~ 1 T^VGL 7T~2 ^((^-^Cl) ) , (9.3) 

s G l a- 3 /i G L (d-3y \ d-l ) 2//£ L 

with sgl being the entropy for the uniform black string at the Gregory-Laflamme point, 
given by 

s GL = 4vr(O d _ 2 )-^3((i - 2)-H^ . (9.4) 

If we compare the entropy of the non-uniform branch to the entropy s u (//) of the uniform 
branch, we get 

= 1 " 9M (d ivf w —b ~ ^l) 2 + 0(0* " /^gl) 3 ) (9.5) 
guUp 2(d- l)(d - 3) 2 /i G L 



24 7 in Table is found in terms of rji and 02 given in Figure 2 in |12| by the formula 



2(rf-l)(rf-3) 2 a 2 1 
7 (d-2) 2 (tjOVgl ' 1 j 



7/1 and (72 are also found in |10l II 1 p for d = 4,5. 

25 Interestingly, in |12) it was found that 7 is negative for d > 12. 
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We see from this that the difference in entropy appears only at the second order in (i— /i(jL- 
Note that the entropy for the non-uniform branch is less than the entropy of the uniform 
branch, for a given mass //, as also mentioned in Section |2J 

In the following two sections we use the formula (|9.1|) for the non-uniform string branch 
together with the mapping of solutions and the phase diagrams, to find the solutions and 
phase diagrams for non-extremal and near-extremal branes on a circle. 

9.2 Non-uniform phase of non-extremal branes on a circle 

We first remind the reader that the neutral uniform string branch is mapped to what 
we can call the uniform phase of the non-extremal p-brane on a circle. I.e. it is really a 
(p+l)-brane since it is uniformly distributed on the transverse circle. As already explained 
in Section |3] the uniform phase has n = 1/ (d — 2) . In terms of solutions we have that the 
uniform string branch can be written in the ansatz (|2.11|) with A = K = 1. We have 
therefore that the uniform phase of a non-extremal brane on a circle can be written in the 
ansatz (|4~22>(l4"24l) with A(R,v) = K(R,v) = 1. 

We now turn to the neutral non-uniform string branch. As reviewed above, solutions 
for 4 < d < 9 were found in [101 1111 I12j near the Gregory-Laflamme mass, i.e. for 
|/t — ^gl\ *C 1. These solutions can be written in the ansatz 1)2. 11|) since, as already 
explained in Section O any solution with SO(d — 1) symmetry can be written in that 
ansatz. 

Take now a neutral non- uniform string solution for a particular d. Using the boost/U- 
duality transformation of Section 14.11 we can clearly transform this solution to a corre- 
sponding solution for a non-extremal p-brane on a circle (with D = d + p + 1). More 
specifically, we can write this solution in the ansatz ()4. 22)1 - 1)4.24)1 using the same functions 
A(R, v) and K(R, v) as for the neutral solution. 

Thus, we have shown that we have a new branch of solutions for non-extremal branes 
on a circle that are non-uniformly distributed on the circle. We denote this branch as 
the non-uniform phase. Moreover, we have shown that it can be written in the ansatz 
()4.22|) - (|4.24)1 . We now study the properties of this new branch of solutions. 

The physics of the neutral non-uniform string branch near [i = /^gl is captured by the 
formula 1)9.1)1 . Using the map ()4.18)1 from the neutral case to the non-extremal case we see 
that the new branch emerges out of the uniform phase (with n = l/(d — 2)) at the critical 
mass 



Note that /x c — q ~ //ql for q <C 1 and that fi c — q ~ fJ-Gh(d — 1)/ (2(d — 2)) for q S> 1, thus 
the value of /2 C is decreasing as the charge q increases. We can furthermore use the map 



Mc = MGL + z^gl, V {d ~ 2),q)q 




(d - 3)/x G l 
2(d-2)q 



(9.6) 
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dUBD on Eq. US3J. This gives 



n(//;g) 



1 



He) , 0</i-// c <l, 



(9.7) 



d-2 



n -1 



7(9) = 7 



d - 1 7/J G L , 



(d-l)(d-3) + (d-2)7/i GL 



(9.8) 



2(^-2) 2(d-i) yr+rf 



2(d-l)(d-2) 



From Eq. (|9.7j) one can see the behavior of the non-uniform phase of non-extremal branes 
on a circle for masses slightly higher than p, = p, c . Note that 7(g) — > 7 for g — > 0, as 
expected. We see from ()9.7[) that non-uniform phase starts in (p,n) = (p c ,l/(d — 2)) 
and continues with increasing ft and decreasing n with a slope given by j(q). One can 
now straightforwardly use Eq. (|9.7|) along with the first law of thermodynamics (|3,27|) 
and the Smarr formula (|3.28|) to get the thermodynamics of the non-uniform phase for 
< ft — ft c <C 1 . Using this one can derive that the uniform phase has higher entropy than 
the non-uniform phase for same mass ft, just as in the neutral case. 

Finally, we note that there is a natural physical interpretation of the mass ft c given 
in Eq. ()9.6|) as being a Gregory-Lanamme critical mass of non-extremal branes uniformly 
distributed on a circle (i.e. the uniform phase). This should be understood in the sense 
that for ft < ft c the uniform non-extremal branch, as given by the solution (|4.28|) - (j4.3U|) . 
is classically unstable, while it is classically stable for ft > ft c . This seems natural from 
many points of view: ft c is the mass in which the non-uniform non-extremal branch starts, 
and this points to having a marginal deformation for the uniform non-extremal branch 
in that mass, which precisely is what one expects for a Gregory-Lanamme critical mass. 
Moreover, one can show that the entropy of the localized phase is higher than that of 
the uniform phase for a given mass ft — q <C 1, which suggests a decay of the uniform 
phase just as in the neutral case. We note also that it seems that one can make a precise 
argument in favor of ft c being a Gregory-Lanamme critical mass by taking the unstable 
mode for the neutral uniform black string and use the boost and U-duality transformation 
of Section [4.11 to transform it into an unstable mode for non-extremal branes on a circle. 
This would be interesting to pursue further. 

9.3 Non-uniform phase of near-extremal branes on a circle 

As explained in Section f7. 11 the uniform black string phase of neutral Kaluza-Klein black 
holes is mapped onto the uniform phase of near-extremal branes on a circle, obtained as 
the near-extremal limit of non-extremal branes smeared on a circle. The uniform phase of 
near-extremal branes on a circle is described by (|7.2|) - (|7.4|) . 26 and it has relative tension 



26 As noted in Section f7.1l this is the solution found by putting A(R,v) = K(R,v) — 1 in the ansatz for 
near-extremal branes 16. 141 - 16. lbl . 



r = 



2/(d-l). 
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If we instead consider the map of Section 16.11 from the neutral to the near-extremal 
case applied to the non-uniform black string phase of neutral Kaluza-Klein black holes, we 
clearly have that this phase is mapped to a non-uniform phase of near-extremal branes on 
a circle. A near-extremal p-brane on a circle in this non-uniform phase is characterized by 
having an event horizon with topology MP x S d ~ 2 x S 1 , and by not having translational 
invariance along the transverse circle. We remark that since we can write the non-uniform 
black string branch in the ansatz (|2.11|) . it follows that the non-uniform phase of near- 
extremal branes on a circle can be written in the ansatz (|6.14|) - (j6. 16|) . 

We can now use the map (|6.10|) to obtain the (e, r) phase diagram for the non-uniform 
phase of near-extremal branes on a circle. We first note that the point (ugl, — 2)) m 
which the non-uniform black string branch emanates from the uniform black string branch, 
is mapped to the point (e c ,2/(d — 1)) in the (e,r) phase diagram with critical energy 

d-1 



r/^GL 



(9.9) 



2{d - 2) 

We then use the map (|6.10|) on the first part of the non-uniform black string branch, which 
is described by (|9.1|) . This gives 

2 



r(e) 



with 7 given by 



d-l 



7 



-j(e-e c )+0((e-e c ) 
4d(d - 2) 3 7 



, < e - e c < 1 , 



(9.10) 



(9.11) 



(d-l) 2 (d - l) 2 - (d - 2) 7/ x GL ' 
In Table [2] we have listed the explicit values of the two key numbers e c and 7 which 
characterize the behavior of the non-uniform phase of near-extremal branes on a circle for 
< e - e c < 1. 



d 


4 


5 


6 


7 


8 


9 


e c 


2.64 


1.54 


1.09 


0.71 


0.46 


0.31 


7 


0.25 


0.39 


0.55 


0.88 


1.42 


2.33 


tc 


0.75 


1 


1.07 


1.05 


0.97 


0.89 


5c 


2.33 


1.54 


1.22 


0.91 


0.68 


0.53 


C 


-433 


6.46 


3.06 


1.77 


1.14 


0.79 



Table 2: In this table we list the critical energy e c and the constant 7 determining the 
non- uniform phase of near-extremal branes on a circle for < e — e c -C 1. In addition we 
list the critical temperature t c and the critical entropy s c , as well as the heat capacity c 
of the non- uniform phase at the critical point. 



From ()9.10j) we see that the non-uniform phase of near-extremal branes on a circle 
starts out at (e, r) = (e c ,2/(<i — 1)) and then continues with increasing e and decreasing 
r, since 7 is positive. 
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In Section ^1] we treat the case d = 5 in detail, since we can use the maps (|6.1U|) and 
(|6.11j) on Wiseman's numerical data for the non- uniform black string on Ai 5 x S 1 to get 
an (e, r) phase diagram in the near-extremal case. The (e, r) diagram for d = 5 is depicted 
in Figure [21 

As in the non-extremal case, the natural interpretation of the critical energy e c is 
that of a Gregory-Laflamme type critical energy for near-extremal branes smeared on 
a circle, i.e. the uniform phase. 27 Assuming this is the right interpretation of jx c for 
non-extremal branes smeared on a circle, that feature should still be true after the near- 
extremal limit. Thus, it seems evident that the solution describing near-extremal branes 
smeared on a circle is classically unstable for small energies e < e c , and classically stable 
for large energies e > e c . The fact that the non-uniform phase emanates from the uniform 
phase in (e c , 2/(d — 1)) then corresponds to the existence of a marginal deformation of the 
near-extremal uniform phase for e = e c . 

Thermodynamics of non-uniform phase 

We consider first the thermodynamics in the micro canonical ensemble, i.e. for fixed energy 
e. Using (|9,10|) in (|7,10|) we find the expansion of the entropy for the non-uniform phase 
expanded around e = e c to be 



s(e) d — 1 e — e t 



1+ 



5 C 2(d - 3) e c 

with s c the critical entropy 



(d-l)(d-5) , {d-iy^e. 



+ 



4(cf-3) 2 2d(d-3) 2 



[e ~ e c 
2e c 2 



(2 



-+0((e-e c f) , (9.12) 



d-l 

(n d _ 2 )-a=s . (9.i3) 



~ c V^3 V ' \d-l 
The numerical values of s c are listed in Table [2j Comparing the entropy s(e) of the 
non- uniform phase to the entropy S u (e) in (|7,5|) of the uniform phase we get 

s u (e) Ad(d-3ye c 

We see from this that the entropy of the non-uniform phase is less than the entropy of 
the uniform phase for a given energy e. This can also be seen directly from (|9.10f) using 
the Intersection Rule for near-extremal branes on a circle derived in Section [7.21 Notice 
that the entropy of the non-uniform phase deviates from that of the uniform phase only 
to second order. 

We now turn to the canonical ensemble, i.e. the thermodynamics with fixed temper- 
ature t. The critical temperature t c at which the non-uniform phase emanates from the 
uniform phase is given by 

(d-3)i i / 2e c \W=k 

tc = V , J 0V 2 ) d - 3 -r^r • (9.15) 



4vr v ' \d-l 



27 In particular, it is easy to see by comparing I7.5|l and 18.230 that the uniform phase has lower entropy 
than the localized phase for e -C 1. 
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The numerical values of t c are listed in Table |21 From (|9.12|) we find the free energy 
f = e — ts of the non-uniform phase for < t — t c <C 1 to be 

= ~JZJ £c ~ ~ ^ ~ W (l " lc)2 + " tc)3) ' (9,16) 

with 

d(d — l)s c 



" d{d - 5) + 2(d - l) 7 e c ' (9 ' 17) 

where c = t<5s /Si is the heat capacity of the non- uniform phase for t = t c (see Table |2] 
for numerical values). 28 Note that the heat capacity c is positive for d > 5. The free 
energy f u (t) for the uniform phase around t = i c is also given by ()9.16|) . but with the heat 
capacity b eing c u — (d — l)s c / i^d — 5) . 2 ^ Comparing the free energy f (t) for the non- uniform 
phase with the free energy f u (t) for the uniform phase, we see that f(t) > f u (t) for d > 5. 
This means that for d > 5 the uniform phase is thermodynamically preferred over the 
non-uniform phase, since the free energy of the uniform phase is less than the free energy 
of the non-uniform phase. 

In Section ^3 we g° hito more detail with the case d = 5. This case is of particu- 
lar interest since the thermodynamical behavior is quite different than for d > 5, and 
furthermore since we have a greater knowledge of the phase diagram for d = 5. 

Copies of the non-uniform phase 

As reviewed in Section the neutral non- uniform black string branch has copies, with 
the physical parameters given by (|2.16j) j45l I24j . This means that the non- uniform phase 
of near-extremal branes on a circle also has copies, which can be written in the ansatz 
(|(114j) - (|Ofi|h The physical parameters e, r, t and s can be found using the relation (|7.7|) 
in Section ITTl 

From (|7.7|) we see that the energy at which the fc'th copy of the non-uniform starts is 
fc-( d -3) ec _ Then from ()9.1(Jj) we see that the fc'th copy for < e — k~^ d ~ 3 'e c <C 1 has 

r(e) = - 7 (k d ~\ - 6 C ) + 0((e - AT^ 3 ^) 2 ) . (9.18) 

This determines the behavior of the k'th copy of the non-uniform phase of near-extremal 
branes on a circle close to the point (e, r) = (k~( d ~^e c , 2/(d — 1)). One now easily finds 
the entropy as function of energy and the free energy as function of temperature for the 
fe'th copy. 

In the right part of Figure |2 we depicted the (e,r) phase diagram including the copies 

for the case d = 5. 

28 c is the heat capacity for constant volume V p of the world- volume of the p-brane. 
29 However, for d = 5 we have f = and t is constant. See Section UHl for more details. 



45 



Possible violation of the Gubser-Mitra conjecture 

In |27l I28j Gubser and Mitra made the following general conjecture about black branes: 

• A black brane with a non-compact translational symmetry is free of dynamical in- 
stabilities if and only if it is locally thermodynamically stable. 

This conjecture claims a connection between the thermodynamics of a black brane and 
the classical stability of the solution under small fluctuations. A more precise argument 
for this conjecture was given in |29| and further considered in |3L)| . 

However, above we have argued that the near-extremal p-brane smeared on a circle 
(i.e. the uniform phase) is classically unstable for e < e c . On the other hand, we have that 
the heat capacity for the near-extremal p-brane smeared on a circle in general is given by 
c u = (d — l)s c /(d — 5) which means that it is positive and finite for d > 5. We see that 
the near-extremal p-brane smeared on a circle gives an example of a black brane with a 
translational symmetry that is classically unstable but locally thermodynamically stable. 

Now, consider a near-extremal p-brane with d > 5 smeared on a non-compact direction. 
This will inherit the classical instability of the near-extremal brane smeared on a circle 
(for e < e c ). But it will also inherit the local thermodynamical stability. This thus seems 
to directly violate the Gubser-Mitra conjecture stated above. 

We note here that these arguments rest on the assumption that the non- and near- 
extremal p-branes smeared on a circle have a Gregory-Laflamme instability. It would 
be interesting to check if the predicted unstable mode in these solutions really exists. 
This would enable one to prove the existence of a counter-example to the Gubser-Mitra 
conjecture. 

10 Non-uniform phase of M5-branes on a circle 

In this section we consider M5-branes on a circle 30 , corresponding to the case d = 5 for our 
general class of solutions. By M/IIA S-duality M5-branes on a circle are dual to coincident 
NS5-branes in type IIA string theory. By learning about the thermal phases of M5-branes 
on a circle we can thus learn about the thermal phases of NS5-branes in type IIA string 
theory. We consider in the following only near-extremal M5-branes on a circle. However, 
one could easily use the results above to examine also the non-extremal case. 

As we shall see, there are at least two reasons why the d = 5 case, i.e. the case of 
M5-branes on a circle, is of particular interest. One reason is that for d = 5 we can map 
the numerical data of Wiseman for the non-uniform black string on Ai 5 x S 1 to the non- 
uniform phase with d = 5. Another reason is that the behavior of the thermodynamics of 
the uniform phase with d = 5 is of a rather singular nature, thus making the behavior of 
the thermodynamics of the non-uniform phase particularly interesting to study. 

30 To be more precise, the M5-branes are coincident and the circle is transverse to the M5-branes, precisely 
as specified in Section |3 
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Moreover, it is important to remark that the interesting consequences for the thermo- 
dynamics of the near-extremal M5-branes on a circle will again have interesting interpre- 
tations for the thermal behavior of (2, 0) Little String Theory. This we discuss in detail 
in Section ITT1 

10.1 Phase diagram for near-extremal M5-branes on a circle 

We find in this section the (e, r) phase diagram for near-extremal M5-branes on a circle 
(with r < 1/2). 

We consider first the uniform phase, as reviewed in Section lV.ll This phase correspond 
to near-extremal M5-branes smeared on a circle, as also explained above. 31 This is dual 
to the standard solution for near-extremal NS5-branes in type IIA string theory. The 
uniform phase has r = 1/2, whereas the energy e can take all positive values. We depicted 
the uniform phase in the (e, r) phase diagram for near-extremal M5-branes on a circle in 
Figure El 

For the non-uniform phase we first note that ([9.10)1 gives us the starting point and 
starting slope of the non-uniform phase in the (e, r) phase diagram. However, for d = 5 
we have in addition the numerical data of Wiseman (see Figure ^ for the (fj,, n) phase 
diagram for these data). Using the map (|6.10|) we can now map the data of Wiseman 
to data for the d = 5 non-uniform phase in the (e, r) phase diagram. This is depicted in 
Figure [2 We see that the non-uniform phase starts out in e c ~ 1.54, and then continues 
with decreasing r and increasing e until the endpoint which is (e,r) = (3.39, 0.29). 32 

In addition to the uniform and non-uniform phase, we also have the localized phase, 
corresponding to near-extremal M5-branes localized on a circle. This phase is considered 
in detail in Section 18.21 From (|8.22|) we see that r ~ 0.044 e corresponds to the leading 
slope of the curve for the localized phase. This is also depicted in Figure El 

We also have the copies of the localized and non-uniform phase, as explained above in 
Section 17.11 and 19.31 These are also depicted in Figure El 

To draw all phases in the (e, r) phase diagram for near-extremal M5-branes on a circle 
one would have to also consider solutions with Kaluza-Klein bubbles, i.e. with r > 1/2. 
This we consider in a forthcoming publication |50| . 

31 Note that all of the following results hold for any near-extremal p-brane on a circle with d — 5. Thus, 
we could equivalently consider the D4-brane instead. However, the D4-brane is in any case trivially related 
to the M5-brane by U-duality. 

32 Note that the curve has increasing r near the endpoint. It is not clear if this is an actual physical 
feature of the non- uniform phase or if it is due to an inaccuracy in the data of Wiseman in |U|. See also 
below for a comment regarding the heat capacity. 
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Figure 2: Phase diagram for near-extremal M5-branes on a circle. 



10.2 Thermodynamics of non-uniform phase 
Uniform phase 

Before considering the thermodynamics of the non-uniform phase, we first review the 
thermodynamics of the uniform phase. The thermodynamics is 



Thus, the temperature is constant, the free energy is zero and the entropy grows linearly 
with energy. As we mention in Section ^2 this is a signature of Hagedorn behavior of the 
thermodynamics with t = 1 being the Hagedorn temperature. 

We see that the thermodynamics (|lU.ip of the uniform phase is of a rather singular 
nature. In the micro canonical ensemble we can put in an arbitrary amount of energy into 
the system without affecting the temperature. In the canonical ensemble we see that the 
temperature is fixed, so the heat capacity is infinite. One should therefore understand the 
thermodynamics 1)10.1(1 as being a special limit of the thermodynamics of near-extremal 
M5-branes on a circle. I.e. the hope is to find corrections to (|10.1j) or other phases of 
near-extremal M5-branes on a circle that describe the thermodynamics for temperatures 
1 7^ 1. For t <C 1 we have the localized phase, as considered in Section 1531 ( see also Section 
111(1 . but for t > 1 we need new input to determine the physics. This will be provided 
below. 



t= 1 , f = 



s u (e) = e . 



(10.1) 



IS 



Thermodynamics of non-uniform phase in microcanonical ensemble 

We first consider the microcanonical ensemble, i.e. the thermodynamics for fixed energy. 
We use now the map (|6.11|) to find the temperature t and entropy s of the non-uniform 
phase of near-extremal M5-branes on a circle, using the data of Wiseman jllj for the 
temperature and entropy of the non-uniform black string branch. Using this we plot the 
non-uniform phase in the (e,s) diagram as depicted in Figure El In this figure we also 
plotted the uniform phase using the thermodynamics (jlO.lj) . giving a straight line in the 
(e,s) diagram. 

5 3.5-, 
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e 

Figure 3: The entropy s(e) as a function of energy for near-extremal M5-branes on a circle. 



As we clearly see in Figure El the non-uniform phase emanates from the uniform phase 
at the energy e = e c , and has lower entropy than the uniform phase for a given energy e. 
Therefore, in the microcanonical ensemble the uniform phase is the dominant phase since 
it has higher entropy. 

If we consider the behavior of the entropy near the energy e = e c , we see from (|9.14|) 
that 

= 1-0.05- (e-e c ) 2 , e c = 1.54 . (10.2) 
for < e — e c <C 1 . This is in accordance with the numerical data plotted in Figure |3J 

Thermodynamics of non-uniform phase in canonical ensemble 

We now turn to the canonical ensemble, i.e. thermodynamics for fixed temperature. As 
stated above, we can use the map (jG.lljl to find the temperature t and entropy s for the 
non- uniform phase, from the data of Wiseman on non- uniform black strings Using in 
addition ()6.10j) to get the energy e, we can also find the free energy f = e — ts. Therefore, 
we find the free energy as function of temperature f(t) for the non-uniform phase. This 
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is plotted in Figure 0J Note that also the copies of the non-uniform phase are plotted in 
Figure using that for the fc'th copy f = k~ 2 f and t' = t. 




^ -0.3- 

Figure 4: The free energy f(t) as a function of temperature for the non-uniform phase of 
near-extremal M5-branes on a circle, and for the copies of the non-uniform phase. 

We see in Figure |I] that the free energy of the non-uniform phase is negative. This is 
also the case for the copies, although the free energy for these is higher. Therefore, the 
system prefers to be in the non-uniform phase rather than in one of its copy-phases, since 
the non-uniform phase has the lowest free energy. 

We can also consider the heat capacity c = tds/5t of the system. We have plotted this 
in Figure [5] for the non-uniform phase as a function of the temperature t. 

We see from Figure that the heat capacity is positive, at least for t < 1.13. 33 This 
means that the non-uniform phase is in fact a stable phase for near-extremal M5-branes 
on a circle, with temperatures t > 1. This is highly interesting since so far the only known 
stable phase for M5-branes on a circle has been the low temperature phase for t<C 1 where 
the M5-brane localizes on the circle. Here we see that there is a new stable phase with 
temperatures above the critical temperature t = 1. 

In conclusion, it seems that the non-uniform phase for near-extremal M5-branes on 
a circle plays a crucial role for the thermal phase structure of near-extremal M5-branes 
on a circle in the canonical ensemble, since it provides a new phase with temperatures 
t > 1. This will be further commented on in Section ITT1 where we also relate it to the 
dual non-gravitational theory living on the NS5-brane. 

Finally, we note that if we consider the free energy for < t — 1 <C lwe see from (|9.16|) 

33 The divergence of the heat capacity around t = 1.13 should, if true, be a signal of a phase transition. 
However, it seems doubtful that the data used to compute the heat capacity is sufficiently accurate to 
determine that such a behavior occurs. 
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Figure 5: The heat capacity c as function of the temperature t for the non- uniform phase 
of near-extremal M5-branes on a circle. 

that 

f(t) = -1.54 • (t - 1) - 3.23 • (t - l) 2 (10.3) 
The numerical values in the expression can be found using Table |21 

11 New results for (2,0) LST from M5-branes on a circle 

In Section 18.21 and Section E3 we discussed the localized and non- uniform phases of near- 
extremal M5-branes on a circle. As we explain below, we have a duality between near- 
extremal M5-branes on a circle and (2, 0) Little String Theory. In the following we use 
this to give predictions for the thermal behavior of (2, 0) Little String Theory, using the 
results on near-extremal M5-branes on a circle. 

M5-branes on a circle and (2, 0) LST 

The (2, 0) Little String Theory (LST) is a 5 + 1 dimensional non-gravitational string theory 
that is conjectured to live on the world-volume of the type IIA NS5-brane. The precise 
definition of (2,0) LST (of type A/v— l) is that it is the g s — > limit of N coincident 
NS5-branes with l s being fixed |33| I34[ I35j . Here g s is the string coupling and l s is the 
string length. 

N coincident type IIA NS5-branes are S-dual to N coincident M5-branes on a (trans- 
verse) circle, with the circumference of the circle L related to the eleventh dimensional 
Planck length l p and the string coupling g s and string length l s as 1$ = 2irlp/L and 
g 2 s = L 3 /(2irl p f. Therefore, we can alternatively define (2, 0) LST of type ^tv-i a s being 
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the l p — > limit of N coincident M5-branes on a circle, with the circumference L of the 
circle going to zero such that L/lp is fixed. 

As conjectured in |31M32| . the near horizon limit of N coincident M5-branes located at 
a point on a (transverse) circle is the supergravity dual of (2, 0) LST for large N. The low 
energy phase in the supergravity side corresponds to AdS-j x S* 4 . This is dual to the 5+1 
dimensional superconformal (2, 0) theory which is the low energy phase of (2, 0) LST. The 
high energy phase is the near-horizon limit of an M5-brane smeared on the circle, which 
is the S-dual supergravity solution to the type IIA NS5-brane. As explained in ^1] the 
supergravity description of (2, 0) LST does not break down in the transition between the 
low- and high energy phases since the curvature of the eleven dimensional supergravity 
solution is always small. 

If we turn on a temperature, the following duality is conjectured to be true EU 
(see also |T3] ) 

• Thermal (2,0) LST of type An-\ is dual to N coincident near-extremal M5-branes 
on a circle, for N S> 1. 

As for the zero-temperature duality, one expects the smeared M5-brane solution, which 
is S-dual to near-extremal type IIA NS5-branes, to be valid at high energies. The near- 
extremal NS5-brane has a constant temperature and the entropy is proportional to the 
energy (see pU.l[) ). This fits well with the conjecture that this solution is dual to a 
non-gravitational string theory [391 131 j . 

However, the fact that the temperature is constant (or, equivalently that the free energy 
is zero) for the near-extremal NS5-brane means that any correction to the thermodynamics, 
no matter how small, will contribute to the leading order behavior of the thermodynamics. 
Thus, to understand the thermodynamics of near-extremal NS5-branes, it seems crucial 
to study the corrections to the solution. 

In jHHl E3 EE] string corrections to the supergravity description were considered, with 
the result that the leading correction gives rise to a negative specific heat of the NS5-brane, 
and that the temperature of the near-extremal NS5-brane is larger than T^ g |38j . 

In ^1] it was advocated that one instead should look for a non-uniform phase of near- 
extremal M5-branes on a circle, in order to find a dual to the thermal (2, 0) LST. The 
expectation of |14j was that such a non-uniform phase would have positive specific heat, 
and could therefore provide a dual of thermal (2, 0) LST in a stable phase. 

In the following we shall see that the new non-uniform phase of near-extremal M5- 
branes on a circle found in Sectional provides a stable phase of (2, 0) LST in the canonical 
ensemble for a certain range of temperatures. This confirms in part the ideas of ^1] since 
we find a new dual of thermal (2, 0) LST from a non-uniform phase. 
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Interpretation of non-uniform phase for (2, 0) LST 

We now make the statement of the duality between (2,0) LST of type .Ajv-i and the 
near-extremal limit of iV coincident M5-branes on a circle more precise. We have defined 
the near-extremal limit by (|5.2[) . By employing the IIA/M S-duality, one gets that the 
fixed quantities g and I in ()5.2I) are given as 

5=^5, l = 2irl s VN. (11.1) 

where l s is the string length in type IIA string theory, that is kept fixed in the limit 
defining (2, 0) LST. One can now use (|11.1|) together with (|5.1U|) and (|5.11|) as a dictionary 
between dimensionless and dimensionful quantities. Considering the thermodynamics of 
the uniform phase (jl0.1|) . we see that in dimensionful quantities we have 

f = T hg = l -— , F = , S = -J-E . (11.2) 

g 2ttI s ^N T hg 

We see that this corresponds to the thermodynamics of a system near a Hagedorn tem- 
perature Thg, since the entropy is proportional to the energy [31^ ITTT] . 

We can now interpret the non-uniform phase of near-extremal M5-branes on a circle 
found in Section I1UI If we consider the canonical ensemble, we found in Section ^] that 
the heat capacity is positive (see Figure ISJ, the free energy is negative (see Figure 0J and 
the temperature can vary in the range [Th g , 1.13Th g ] (using that t = T/Th g ). This means 
that this is a stable phase of near-extremal M5-branes on a circle, and by the duality 
conjecture this should describe thermal (2, 0) LST in that temperature range. We have 
thus found a stable phase of (2, 0) LST in the canonical ensemble for temperature above 
the Hagedorn temperature Thg. 

Notice that the copies of the non- uniform phase, as depicted in Figure 0] have positive 
heat capacity and they exist in the same temperature range, so they also correspond to 
stable phases of thermal (2, 0) LST. However, the free energy of these phases are higher 
than that of the non-uniform phase, so the non-uniform phase dominates over its copies. 

Translating the dimensionless expression (|1U.3|) for the free energy into dimensionful 
quantities, we see that the free energy for temperatures near the Hagedorn temperature, 
i.e. < T — Thg <C Thg, is 

\ 2" 



F(T) = -2irV 5 N 3 jf 



kg 



1.54 • ( - 1 J + 3.23 • ( - 1 

\ T hg / \ r hg . 



;ii.3) 



It would interesting if one could reproduce this expression from the (2, 0) LST side. 

Turning to the microcanonical ensemble, we see from Figure |3] that the uniform phase 
dominates over the non-uniform phase, since the uniform phase has higher entropy. Thus, 
for a fixed energy, the temperature is expected from this to decrease down to the Hagedorn 
temperature. It would be interesting to understand what the physics behind this is. 
Perhaps the resolution of this could be that the localized phase also exists in the same 
energy range as the non-uniform phase, but with higher entropy than the uniform phase. 
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Prediction for thermodynamics at low temperatures in (2, 0) LST 

In addition to the new non-uniform phase that we interpreted above, we also have the new 
results for the localized phase found in Section 18.21 

The localized phase of near-extremal M5-branes on a circle corresponds to the low 
temperature/low energy phase of thermal (2,0) LST. This is consistent with the fact that 
the localized phase dominates over the uniform phase, both in the canonical and micro- 
canonical ensembles, for low temperature/low energy. Note that the infrared fixed point 
of (2, 0) LST is the superconformal (2, 0) theory, thus by considering the localized phase of 
near-extremal M5-branes for low temperatures (or energies) we find the corrections to the 
thermodynamics of the superconformal (2,0) theory, as one moves away from the infrared 
fixed point. 

The corrected free energy of the localized near-extremal M5-brane is computed from 
(|8.25|) with d = 5 using the translation dictionary (jll. 1|) to go to dimensionful quanti- 
ties. In the canonical ensemble we then find the following expression for the corrected 
thermodynamics of the superconformal (2, 0) theory 



3rfi6 



F(T) = -k M5 V 5 N A T 



2 6 7T 3 

KM5 



3 7 " 
(H-4) 

This shows that the dimensionless expansion parameter is 5 = T/Thg, as expected on 
physical grounds. 

Note that one can obtain the free energy for the /c'th copy of the localized phase from 

F {k) {f) = k- 2 F(f) , (11.5) 

for k = 1,2, .... We see that the copy-phases have higher free energy than the localized 
phase, so the localized phase dominates over the copies. 

We list here only the results for the canonical ensemble, both since this is the most 
interesting for comparison with calculations on the (2, 0) LST side, but also since one 
in any case easily can transform the result for the canonical ensemble to that of the 
microcanonical ensemble. 



12 Predictions for supersymmetric Yang-Mills theories 

In this section we apply the new results on near-extremal D-branes and the M2-brane 
on a transverse circle to obtain non-trivial predictions for the thermodynamics of the 
corresponding dual non-gravitational theories that live on these branes. 

We first treat the case of near-extremal DO, Dl, D2 and D3-branes on a circle. Then 
we discuss the case of the near-extremal M2-brane on a circle. 
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12.1 (p+ l)-dimensional Yang-Mills theory on a circle 

If we take the near-extremal limit of a Dp-brane it is well known that the bulk dynamics 
decouples from the supersymmetric Yang-Mills (SYM) theory living on the brane. 34 The 
near-extremal Dp-brane is therefore conjectured to be a dual description of the strongly 
coupled large N limit of (p + l)-dimensional SYM with 16 supercharges (on the manifold 
W for the spatial directions) [HE]. 35 

To determine what the dual field theories are for near-extremal D-branes on a circle 
we use T-duality. A near-extremal D(p — l)-brane on a transverse circle is T-dual to a 
Dp-brane wrapped on a circle. It follows from this that the field theory dual of a near- 
extremal D(p — l)-brane on a transverse circle is that of a near-extremal Dp-brane with a 
circle along the world- volume. We see from this that ./V coincident near-extremal D(p — 1)- 
branes on a transverse circle should be dual to (p + l)-dimensional SYM on x S 1 

with gauge group SU(N) and 16 supercharges. 36 

In particular, the phases of near-extremal D2-branes on a transverse circle are dual to 
those of M = 4 SYM theory in 3+1 dimensions on R 2 x 5 1 . Including the thermal time 
direction the field theory lives on R 2 x T 2 , where we define the torus here as T 2 = S 1 x S^. 
Two other interesting examples are near-extremal Dl and DO-branes on a transverse circle 
which are respectively dual to 2+1 dimensional SYM on R x S 1 (i.e. including the thermal 
time direction on 1 x T 2 ) and 1+1 dimensional SYM theory on S 1 (i.e. including the 
thermal time direction on the torus T 2 ). In this section we restrict ourselves to the DO, 
Dl, D2 and D3-branes on a circle. 37 

We can thus use the results of Sections El and El to obtain predictions for the thermo- 
dynamics of the dual gauge theories described above. In particular, the localized phase 
should correspond to the low temperature/low energy regime, while the non-uniform phase 
corresponds to a new phase, emerging from the uniform phase, which describes the high 
temperature/high energy regime. 

In order to make precise predictions for the SYM theory we should first understand 
better the dictionary between near-extremal T)(p — l)-branes on a (transverse) circle and 
the SYM theory. To this end, define L to be the circumference of the circle transverse 
to the D(p — l)-branes, g s to be the string coupling and l s the string length. In the T- 
dual theory, with the T-duality along the circle direction, we define instead L to be the 
circumference of the T-dual circle and g s to be the T-dual string coupling. We have then 
that LL = (2irl s ) 2 and g s L = 2-Kl s g s . Using this along with the quantization condition for 
./V Dp-branes in the T-dual theory, the near-extremal limit (|5.2|) and the definition of I in 
34 With the exception of the D6-brane, as discussed for example in pj- 

35 That it describes the strongly coupled large N limit regime of the SYM theory is because one needs 
to ensure that the supergravity description is valid, i.e. that the geometry is weakly curved and that the 
effective string coupling is small 0. 

36 See also ED El El El and references therein. 

37 However, one could easily extend the results of this section to include the F-strings and the remaining 
D-branes. 
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(|5.5j) . we get that g and I are given as 38 

D(p -Don circle : , _ (a£**)' , I - -|=Va£^ . (12.1) 

Here we wrote 5 and i in terms of the SYM theory variables, i.e. N is the rank of the 
SU(N) gauge group, A = g Y M-^' 9ym = (2tt) p ~ 2 5s^? 3 and L is the circumference of the 
field theory circle S 1 . 

Note in particular that from g, I and T we can form two independent dimensionless 
parameters, l/g and IT. These two parameters will play a physical role in the field theory 
expressions below. 

We can now reinstate the dimensions in the thermodynamics, so that it can be written 
in terms of SYM variables. For this we recall the definition of e in ()5.1(Jj) . of t, s in (|5.11|) 
and of f in (|7.12[) , It follows that given the thermodynamic functions s(e) and f(t) that 
we computed before, we can compute the entropy S and free energy F of the dual field 
theory with 

S(E) = -s(gE) , F(f) = -f(lf) , (12.2) 
9 9 

where E and T are the energy and temperature in the field theory. 

We now present the new results for (p + l)-dimensional SYM theory on R p_1 x S 1 
that follow from the localized and non-uniform phases of near-extremal D(p — l)-branes. 
We remind the reader that these phases are directly linked via U-duality and the near- 
extremal limit to the localized black hole phase and non-uniform black string phase of 
pure gravity on Ai 10 ~ p X S . In the quantitative analysis below we focus on the canonical 
ensemble. 



Uniform phase: High temperature phase of SYM on a circle 

We begin by considering the uniform phase of near-extremal D(p — l)-branes on a circle. 
This corresponds to the high temperature phase of {p + l)-dimensional SYM theory on 
W~ l x S . This is easily understood on physical grounds since high temperatures cor- 
respond to short distances, and this means that one does not see the compact direction 
in W- 1 x S 1 , i.e. the circumference L should only appear as a trivial proportionality 
factor in the free energy. This is precisely what we get for the uniform phase since it 
corresponds to a uniformly smeared near-extremal D(p — l)-brane, which has the same 
thermodynamics as a near-extremal Dp-brane. It is not difficult to check this explicitly 
using the thermodynamics (|7.6|) and the translation dictionary ()12,2j) . The result for the 
free energy in the uniform phase is then 

FsYM(p + i)(T) = F^ 1} (f) = -k p V p ^LN^\-Hf 2 H , (12.3) 

where the coefficients k p are given in Table 01 The expression H12.3j) is indeed the familiar 
result for the free energy of the Dp-brane theory, with V p = V P -\L. 
38 We use the notation and conventions of Ref. |57) . 
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(2 21 3 2 5 7 7~ 19 ^ 14 ) 1 /5 


2 4 3- 4 vr 5 / 2 


(2 13 3 5 5- 13 ^ 8 ) 1 /3 


2- 3 vr 2 


2 5 3- 7 vr 2 



Table 3: Coefficients for the free energy of Dp-branes. 

Localized phase: Low temperature phase of SYM on a circle 

We now turn to the localized phase, corresponding to the low temperature phase of (p+1)- 
dimensional SYM theory on M p_1 x S 1 . Low temperatures correspond to large distances in 
the SYM theory, so in this regime the presence of the circle enters in a non-trivial manner. 
If one consider free (p + l)-dimensional SYM theory on W^ 1 x S , it is clear that one 
has a tower of Kaluza-Klein states for the circle, and that the lowest Kaluza-Klein mode 
corresponds to free p-dimensional SYM theory on R p_1 . Similarly, we shall see below that 
for the temperature T going to zero, the leading order thermodynamics for the localized 
phase of D(p— l)-branes on a circle corresponds to the thermodynamics of a near-extremal 
D(p— l)-brane, which is dual to strongly coupled p-dimensional SYM theory on The 
corrections to the leading order thermodynamics for the localized phase found in Section 
|S]then correspond to including corrections from the Kaluza-Klein modes on the circle. 

Using the expressions for the corrected free energy in (J8,25j) along with the translation 
dictionary ()12.2|) . (|12.1I) we find for the localized phase of thermal {p + l)-dimensional 
SYM theory on R p_1 x S l the free energy 
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Here the coefficients k p are listed in Table |3' 

Note first of all that the leading term in (|12.4f) is in perfect agreement with the expected 
result for the strong coupling limit of the p-dimensional SYM theory. In particular, we 
observe the correct 't Hooft coupling A/L that follows from compactifying the (p + 1)- 
dimensional theory. Moreover, (|12.4|) gives a quantitative prediction for the first correction 
term in terms of the dimensionless parameter 



5 = LfV XL 3 -p 



(12.5) 



,8-p 



The next corrections will be of order It would be highly interesting if one could 

find a way to reproduce the corrections computed above from the field theory side. 
The explicit expressions of (j!2.4|) for the cases p = 1, 2, 3 and 4 are 
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These coefficients are related to defined in l|8.26|l via the relation Kf p> (2n 



->(9-p), 
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F^U(2+i)(T)=F^(f) (12.7) 
= - klVl N 2 {j) l/2 T* {l + ^ (A^L^f) 3 + O (ixW&flf ) 6 ) } , 

^SYM(3+1)( T ) = ^D2 C ( T ) ( 12 - 8 ) 



-/-•2r 2; v 2 ( - 
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f 10/3 L + 5g^2 ^l/2^ 10 / 3 + Q ^1/2^)20/3 



^YM(4 + 1)^)=^D3 C ^) ( 12 - 9 ) 



SYM(4+1) ' 



288vr 2 



A 1 / 2 L 1 / 2 f) 4 + o((A 1 / 2 L 1 / 2 f) 8 )| 



where we recall that in each case A is the 't Hooft coupling of the (p+ l)-dimensional SYM 
theory. 

We note that the corresponding results in the micro canonical ensemble are easily ob- 
tained using the corrected entropy (|8.24|) of the localized near-extremal branes and (|12,lj) , 

Non-uniform phase: New phase in SYM on a circle 

Turning to the non-uniform phase of near-extremal D{p — l)-branes on a circle, we have 
that the results of Section |U] for the non-uniform phase give us i) a prediction of the 
existence of a new phase of (p+ l)-dimensional SYM theory on W^ 1 x S 1 at intermediate 
temperatures, and ii) the first correction to the thermodynamics around the point where 
this phase connects to the uniform phase. 

In particular, using the expressions for the corrected free energy in (|9.16|) along with 
the translation dictionary (|12.2|) . (|12.1f) we find for the non- uniform phase of thermal 
(p + l)-dimensional SYM theory on W^ 1 x S 1 the free energy 

^SYM( P+ i)( f ) = F B(p-i)(T) (12.10) 



-(2tt) 3 V p -iN 2 \L 3 ' 2p 



5 - p ~ . t \ t c c t 

—^e c + t c s c N- - 1 + ^- U- 
9-p yT c J 2 yT c 

Here the critical temperature is given by 



f c =hJ-¥—. (i2.il) 

and the values for t c , e c , s c and c can be read off from Table El using d = 10 — p. Note that 
the first term in the expression (|12.10f) corresponds to ^sYM(p+l)( °)' *' e ' ^ e ^ ree ener §y 
(|12.3j) of the uniform phase evaluated at the critical temperature, while the second term 
is — 5'sym(p+i)( c )( c )' an d hence involves the entropy of the uniform phase evaluated 
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at the critical temperature. The third term contains the departure of the free energy of 
the uniform phase in this non-uniform phase. 

As for the localized phase, the corresponding results for the non-uniform phase in the 
microcanonical ensemble are not difficult to obtain using the corrected entropy (|9.14|) of 
the localized near-extremal branes and (|12.2j) . (|12.1j) . 

It would be very interesting to understand the new results (|12.4|) and (|12.1flj) for 
thermal (p + l)-dimensional SYM theory on W- 1 x S 1 from the gauge theory side. 

Copies of the localized and non-uniform phase 

Since both the localized and non-uniform phase of near-extremal branes have copies, we 
also have copies of the thermal (p + l)-dimensional SYM phases obtained above. Using 
(|7.7|) the free energy of the /c'th copy is given by 

(FsYM( P+ i))(k)(T) = k p ~ 7 F SYM{p+1) (k^- p ^ 2 f) , k = 1,2,3,... , (12.12) 

in terms of either ^gyMfp+l) §i ven m Q1^-4JI or -^sYM(p+i) §i ven m Q1^-1U[) 

12.2 New results in (2+l)-dimensional Yang-Mills theory 

In this section we consider near-extremal M2-branes on a circle. By IIA/M S-duality, 
this is dual to a near-extremal D2-brane. Therefore, it is conjectured that N coincident 
near-extremal M2-branes on a circle are dual to (2+l)-dimensional SYM theory with 16 
supercharges with gauge group SU(N) (on the non-compact space M 2 ), N 3> 1 PQE]- We 
see that this is analogous to the near-extremal M5-brane on a circle and the duality to 
(2,0) LST in Section HU 

In more detail, we take the circle transverse to the M2-brane to have circumference 
L = 2irg s l s , and using the quantization condition on the M2-branes together with (|5.2|) 
and (|5.5|) we get 

9= vt^ ' / = 2 ^T' (12 ' 13) 

where A = g Y M-^ = g s l~ 1 N. This provides the dictionary for translating the results of 
the near-extremal M2-branes on a circle to the SYM theory. 

As we shall see, the localized and non-uniform phase of the near-extremal M2-brane 
on a circle provide us with new information for thermal (2+l)-dimensional SYM theory 
on M?. Note that the results below are written in the canonical ensemble. 



Uniform phase: High temperature phase 

The uniform phase of near-extremal M2-branes on a circle corresponds to the high tem- 
perature/high energy limit of thermal (2+l)-dimensional SYM, i.e. the field theory dual 
of near-extremal D2-branes. We can check this explicitly using the thermodynamics (|7.6|) 
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together with 1|12,2|) and (|12,13|) , The result for the free energy in the uniform phase is 
^s U Y V M(2 + i)Cn = K 2 (f) = -k 2 V 2 N 2 \-V 3 f 10 / 3 , (12.14) 

where the coefficient k 2 is given in Table El This is indeed the familiar result for the free 
energy of the near-extremal D2-brane theory. 



Localized phase: Low temperature phase 

The localized phase of near-extremal M2-branes on a circle corresponds to the low tem- 
perature/low energy limit of thermal (2+l)-dimensional SYM. The infrared fixed point of 
(2+l)-dimensional SYM is a superconformal field theory with SO (8) R-symmetry, which 
for large N is dual to the near-extremal M2-brane solution. The corrections obtained for 
the localized phase thus compute the corrections to the M2-brane theory as we move away 
from the infrared fixed point. 

In particular, using d = 8 in (|8.25|) together with (|12.2|) and (j!2.13f) we then obtain 
the corrected free energy of the localized M2-brane phase as 
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Note that the dimensionless expansion parameter is 5 = N 3 / 2 T/A where A is the 't Hooft 
coupling of the (2+l)-dimensional SYM theory. 

Non-uniform phase: New phase in 2+1 dimensional SYM 

For the non-uniform phase of the near-extremal M2-brane on a circle, the results of Section 
HO give us i) a prediction of the existence of a new non-uniform phase of uncompactified 
(2 + l)-dimensional SYM theory on R 2 at intermediate temperatures and ii) the first 
correction to the thermodynamics around the point where this phase connects to the 
uniform phase. 

In particular, using the expressions for the corrected free energy in (|9.16|) along with 
the translation dictionary (|12.2j) . (J12.13|) we find for the non-uniform phase of thermal 
(2 + l)-dimensional SYM theory on M 2 the free energy 
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Here the critical temperature is given by 

a A 



0.97 



(12.17) 
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and one should substitute e c = 0.46, s c = 0.68 and c = 1.14 which are read off for d = 8 
from Table I2J 

As for the case of SYM on a circle, it would be interesting to understand the new 
results (|12.15|) and (|12.16j) for uncompactified (2+l)-dimensional SYM theory from the 
gauge theory side. 

Copies of the localized and non-uniform phase 

Since both the localized and non-uniform phase of near-extremal branes have copies, we 
also have copies of the thermal uncompactified (2 + l)-dimensional SYM phases obtained 
above. Using (|7.7j) the free energy of the fc'th copy is given by 

(-^SYM(2+i))(fc)(T) = ■^^sym^+i)^ 3 '' 2 ^) , k = 1,2,3,... , (12.18) 

in terms of either -^gYMfo+i) §i ven m P^-15JI or -^SYMfo+11 §i ven m <|l^-16jl 



13 Discussion and conclusions 

We conclude the paper with the following remarks and open problems: 



Comparison to weakly coupled SYM theory on a circle: In Section ll2.1l we saw that we can 
give quantitative predictions for the thermodynamics of (p + l)-dimensional SYM theory 
on W^ 1 x S , using the results on Kaluza-Klein black holes. One of the central ingredi- 
ents is that the free energy is expressible as a function of the variable t ~ V XL 3 -PLT. 
Here AL 3_P should be large in order for the supergravity description to hold, which means 
the SYM theory is in the strongly coupled regime. Thus, the scale in which we shift 
between the low temperature and high temperature regimes is around t ~ 1, i.e. when 
LT ~ 1/ \Z\L 3 ~P. We thus see that this scale is lower than for the free field theory, where 
it is instead at LT ~ 1. Also, for the localized phase we see that the expansion of the free 
energy for low temperatures is in powers of t. Therefore, it is not clear if the predictions 
of Section 112.11 can be connected to thermodynamics of weakly coupled field theory in a 
quantitative manner. Perhaps a double-scaling limit could be engineered to make such 
a quantitative connection. However, it would in any case be interesting to examine free 
(p + l)-dimensional SYM on W^ 1 x S 1 to see if there should be at least a qualitative 
similarity of the thermodynamics. 40 In particular, it would be interesting if one could find 
a similar new non-uniform phase as the one we predicted should be there in the strongly 
coupled regime. 

(2,0) LST and near-extremal M5-branes on a circle: We have seen in Sections 1101 and ITT1 

that the non-uniform phase of near-extremal M5-branes on a circle predicts a new stable 

40 See |58) for recent work on large- TV SYM theories on compact spaces and the relation to the strong 
coupling limit. 
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phase for the dual (2,0) LST in the canonical ensemble, with temperatures above the 
Hagedorn temperature. This would be interesting to understand from the Little String 
Theory side. 

Gregory-LaEamme type instability and Gubser-Mitra conjecture: We have shown that 
one non-trivial consequence of the map from Kaluza-Klein black holes to non- and near- 
extremal branes is that there exists a non-uniform phase for both these classes of branes, 
emanating from the uniform phase. In particular, the Gregory-Laflamme mass /Uql of the 
uniform black string branch is mapped onto a critical mass p, c of the uniform non-extremal 
branch and a critical energy e c of the uniform near-extremal branch. This, together with 
the fact that the entropy of the localized phase is higher than that of the uniform phase for 
small energies (above extremality) , strongly suggests that non-/near-extremal branes on 
a circle have a critical mass/energy below which the uniform phase is classically unstable. 
It seems possible that one could use the boost and U-duality transformation of Section 
14.11 to show that the unstable mode for the neutral uniform black string transforms into 
an unstable mode of the non-/near-extremal brane on a circle. It would be interesting to 
further examine this. 

A related issue is the possibility of a counter-example to the Gubser-Mitra conjecture 
|27l 1281 129j , stating that a black brane with a non-compact translational symmetry is free 
of dynamical instabilities if and only if it is locally thermodynamically stable. The uni- 
form near-extremal branch has a translational symmetry and (for d > 5) a positive heat 
capacity, so if indeed near-extremal branes are classically unstable for energies below e c , 
this would be in contradiction to the conjecture. 

On conjectures of Horowitz and Maeda: Another interesting consequence of the results 
of this paper is obtained if we revisit the results and conjectures of Horowitz and Maeda 
in |131 126j . In ^3] it was conjectured that there exists a non-uniform black string branch 
for arbitrarily small masses, with entropy higher than that of the uniform black string 
branch. This conjecture was based on the result that it would take infinite "time" (i.e. 
affine parameter on the horizon) to change the topology of the horizon in a classical 
evolution. Furthermore, in |26| it was conjectured that for the D3, M2 and M5-branes on 
a (transverse) circle, new non-uniform phases exist with arbitrarily small energy and with 
entropy higher than that of the uniform phase. The conjecture was based on a construction 
of suitable initial data and on the conjecture of |13| . 

But if we assume that the conjecture of ^3] is correct, we see that using the map 
from static and neutral Kaluza-Klein black holes to near-extremal branes on a circle, we 
get immediately that the conjectured small mass non- uniform black string branch implies 
the existence of a low-energy non-uniform phase of near-extremal branes on a circle, with 
entropy higher than that of the uniform phase. This includes in particular the D3, M2 and 
M5-branes, but in addition also the other 1/2 BPS branes of string theory and M-theory. 
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However, it is important to emphasize that it is unclear whether the conjecture of ^3] 
is correct. The above point is therefore, so far, more of a theoretical nature. 

Non- and near-extremal bubble-black hole sequences: Recently, it was found |22| that in 
the region l/(d — 2) < n < d — 2 of the (fj,, n) phase diagram of Kaluza-Klein black holes 
involve solutions that combine event horizons and static Kaluza-Klein bubbles. We leave 
the application of the map to these bubble-black hole sequences to a future publication j5U] . 

New phases: More generally, we emphasize that any new phase that one may find in the 
(//, n) phase diagram, analytically or numerically, will immediately generate via the map 
new non- and near-extremal phases. Moreover, any such new phase would immediately 
have consequences for the non-gravitational theories dual to the near-extremal phases. 
Finally, it should be clear that any non-trivial phase structure and phase transition for 
Kaluza-Klein black holes, such as the conjectured topology-changing black string/hole 
transition, 41 will have an interesting counterpart in the dual non-gravitational theories. 
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A Energy and tension for near-extremal branes 

In this appendix we use the general expressions ()5.7|) . (|5.8|) to compute the energy and 
tension for the class of near-extremal branes on a circle that fall into the ansatz (|H.14jl - 
(|6.16j) . As remarked at the end of SectionES! this is an important check on the consistency 
of the near-extremal limit. Moreover, since these branes are not asymptotically flat, it also 
provides a useful illustration of the general formula for tension in non-asymptotically flat 
spaces given in Ref . 25 . Following the discussion of Section the reference space that 
we use for the near-extremal p-brane is the near-horizon limit of the extremal p-brane on 
a circle, the asymptotics of which is given in (|5.3|) - (|5.5I) , 

To compute the energy and tension, we first recall a useful expression for the extrinsic 
curvature K.^ D ~ 2 ^ entering the computation of these quantities. We have 

K {D-2) = _^ = Q R 1()g . (A.l) 

V9RR 

Here h = V det h D ~ 2 with hP~ 2 the metric obtained from g by omitting t, R when com- 
puting E and omitting v,r when computing T. For clarity we denote the corresponding 
expressions by JCt and K. v respectively. 

4i see us Ea m ed mum m isnnsn eh iiiiimmimiiEimmiiimiisiEni for a faM y complete 

list of references on this. 
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For the computation below we use that in the metric (|6,14l) - (|6.16|) we have asymptot- 
ically 



- _ d-2 I Cf 

g tt ~ H d-* -1 + 



R d~3 



(A.2) 



, , P+ 1 / , CR 



with 



- P+1 / c 
~ fT«-a 1 + 



R d-3 



* P+ 1 n I CO 

5nn ^ id^i? 2 1 + " 



R d - 3 
(A.3) 



c t = <" 3 , c fl = (1 - X )Rq~ 3 > = (d - 3)x<~ 3 , c n = -X^o" 3 , 



(A.4) 



where we used (|2.12p . It is then not difficult to use QA.1JI and compute 



d-3 



p+1 



H—(R m ) 1 + 



CR 
jjd— 3 



-1/2 



-1/2 



1 
1 



d-1 d-3 



d-2 



d-3 

o r>d—3 



(-Q + cn) 



(A.5) 



(A.6) 



where i? m is sent to infinity Next we compute the extrinsic curvature of the reference 
space in both cases, giving 



K 



(o) 



H—2(R eS ) 



-1/2 d - 1 

2R cS 



- p +1 , 



-1/2 d- 2 



(A.7) 



where we used that asymptotically f ~ R and z — v |14j . The relation between R m and 
R e H is obtained by imposing that the radius of the S d ~ 2 in the brane space time is equal 
to that of the radius of the S d ~ 2 in the reference space. This gives 



H^(R cS ) 



1/2 



R 



cff 



~ p +1 , „ I Co 



1/2 



(A. 



and a little algebra then shows 



i 



9 P ' - 2 
i JXm 



H^(R m ) 



-i/2 



d-1 



(cn - Ci?) - (d - 3)(cu + (d - 2)cn) 



, (A. 



9 R d ~ 2 



id^(i? m )l V2 [(d - 2)(c n - cr) - (d - 3)(-q + (d - 2)cn)] 



(A.10) 

Finally we need for each case the lapse functions and integration measures: Nt = 
( 5t ( t 0) )i/2 = h~^^>, ^/g^2 = V^R^ 2 for the energy and N v = {gi°J) 1/2 = H^=% , 
\J9d-2 = R d ~ 2 for the tension. Using all this in (|5.7|) . (|5.8f) we have the final results 



E 







d-2 



(2vr) d - 3 c/ 



—w^( d R - cn) + (d - 3)(c„ + (d - 2)cn) 



(A.ll) 
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f = (2%-2g [{d ~ 2){tR ~ dn) + {d ~ 3){ ~ dt + {d ~ 2)dn)] ' (A ' 12) 
for the energy and tension for near-extremal p-branes on a circle. Substituting the values 
(|A.4|) and using the definitions (|5,1U|) we then find the results given in (|6.17jl for e and r. 
We also quote the result for the tension in the world volume of the brane 



(2vr) d - 3 g 



—TT- (cr ~ cn) + {d- 3)(-c t + Cy + (d - 2)cq) 



(A.13) 



which easily follows from a similar computation as the one given above. Substituting the 
values (|A.4j) and using the definitions (|5.1U|) this gives the expression for r u given in ()6.19j) . 

B Flat space in (p, 9) coordinates 

In this appendix we review the flat space metric of M d x S 1 in the (p, 9) coordinates which 
was used in |18j to write down the metric of small black holes on the cylinder. 
To write down the metric we need the function |14j 

oo 1 

F{r,z)= V 3-=-, (B.l) 

that enters the Newtonian potential for a black hole on the cylinder. This definition 
employs cylindrical coordinates (r, z), which are related to spherical coordinates (p, 9) via 

r = psm.9 , z = pcosO . (B.2) 

In terms of the latter coordinates the function in (|B.1|) is denoted by F(p,9), which for 
p <C 1 can be expanded as 

F(P, 0) = ^, + ^| + ^s(d - 2) [dcos 2 9 - 1] P 2 + 0(p*) . (B.3) 

The function F(p, 9) enters the coordinate transformation to the final (p, 9) coordi- 
nates, which are given by 42 

(sme) d - 2 d p e = ^-( S m6) d - 2 d e F , (sin 6) d - 2 d 6 = -^-^{sm9) d ~ 2 d p F . (B.5) 
d 2 d 2 



Using the expansion HB.3|) this can be expanded for p <C 1 as 



+ +0(p )) ' (B ' 6) 



42 We note that these expressions equivalently follow from the coordinate change l|8.2jl and the relation 
between (r,z) and (R, v) as written in |14) . 
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sin 2 9 = sin 2 9 (l + ^ cos 2 9p d + 0(p d+2 )^j . (B.7) 
Finally, the flat space metric of M d x S 1 in (p, 9) coordinates takes the form ^H] 

ds 2 = -dt 2 + A dp 2 + -J^p 2 d9 2 + if p 2 sin 2 M^_ 2 , (B.8) 

where 



p A sm # 



(a p p) 2 + p 2 K o - (d - 2) (5 p 0) 2 ] . (b.9) 

In particular, one may use the expansions (|B.6j) . (|B.7|) to obtain the p <C 1 expressions 
A.G5. «) = 1 + ^"owi^-f A 2 + 0(f) , (B.10) 
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